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Abstract 



We prove a very general Kobayashi-Hitchin correspondence on arbi- 
trary compact Hcrmitian manifolds, and we discuss differential geomet- 
ric properties of the corresponding moduli spaces. This correspondence 
refers to moduli spaces of "universal holomorphic oriented pairs". Most 
of the classical moduli problems in complex geometry (e. g. holomorphic 
bundles with reductive structure groups, holomorphic pairs, holomorphic 
Higgs pairs, Witton triples, arbitrary quiver moduli problems) are spe- 
cial cases of this universal classification problem. Our Kobayashi-Hitchin 
correspondence relates the complex geometric concept "polystable ori- 
ented holomorphic pair" to the existence of a reduction solving a general- 
ized Hermitian-Einstein equation. The proof is based on the Uhlenbeck- 
Yau continuity method. Using idea from Donaldson theory, wo further 
introduce and investigate canonical Hcrmitian metrics on such moduli 
spaces. We discuss in detail remarkable classes of moduli spaces in the 
non-Kahlerian framework: Oriented holomorphic structures, Quot-spaces, 
oriented holomorphic pairs and oriented vortices, non-abelian Seiberg- 
Witten monopoles. 

MSG classification : 53C07, 32G13, 58D27, 53C55, 53D20, 32L05, 32M05 

Introduction 

In order to understand the aim and the motivation of this article let us consider 
the following classical complex geometric moduli problems: 

Holomorphic structures with fixed determinant. Let X be a compact 

complex n-dimensional manifold and E a differentiable rank r vector bundle on 
X. We fix a holomorphic structure £ on the determinant line bundle det£^ of 
X. The problem is to classify all holomorphic structures £ on E which induce 
the fixed holomorphic structure £ on detE modulo the group T{X, SL{E)) of 
automorphisms of determinant 1. 

In order to get a Hausdorff moduli spaces with good properties one considers 
only stable (or more general semistable) holomorphic structures. The stability 
condition depends on the choice of a Gauduchon metric on X, or more generally 
a Hermitian metric g (see [LT]) which plays the same role as the choice of a 
polarization of the base manifold in algebraic geometry. £ is called g-stable if 



(1) 
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for any nontrivial subsheaf T d E with torsion free quotient. Such a subsheaf 
must be reflexive. Note that the slope map iig is not a topological invariant in 
the general non-Kahlerian framework, but it is always a holomorphic invariant. 

The classical Kobayashi-Hitchin correspondence ([Kol], [Dol], [Do2], [UYl], 
[UY2], [Bu], [LY], [LT]) states that a holomorphic structure is stable if and only 
if it is simple (i. e. it admits no non-trivial trace free infinitesimal automor- 
phisms) and admits a Hermitian-Einstein metric, i. e. a metric h solving the 
Hermitian-Einstein equation; 

'^^^^ = (n-l)\Vol,{xf '^^^'^^ ■ 

General solutions of the Hermitian-Einstein equation correspond to polystable 
holomorphic structures, i. e. to bundles which are direct sums of stable bundles 
of the same slope. 

From a historical point of view, around 1980 the correspondence was inde- 
pendently suggested by Hitchin and Kobayashi (according to Donaldson [Dol] 
who first linked the two names together^). First indications that a connection 
between these two concepts might exist had been e.g. Kobayashi's proof that 
a Hermitian-Einstein bundle is stable in the sense of Bogomolov [Ko4] , and the 
first author's proof of the Chern class inequality for Hermitian-Einstein bundles 
[Liil]. The "simple" implication in this case, i.e. the polystability of Hermitian- 
Einstein bundles, was first written down in Japanese by Kobayashi in [Ko3] and 
announced in [Kol]; the first author then found a simpler proof [Lii2]. The 
"difficult" implication, i.e. the existence of a Hermitian-Einstein connection in 
a stable bundle, was subsequently proved by Donaldson for Ricmann surfaces 
[Do3], algebraic surfaces [Dol] and manifolds [Do2], by Uhlenbeck and Yau for 
Kahler manifolds [UYl], [UY2], by Buchdahl for arbitrary Hcrmitian surfaces 
[Bu], and finally by Li and Yau for arbitrary Hcrmitian manifolds [LY]. In the 
last two articles, as in the present work, an important technical tool is the use of 
a Gauduchon metric in the base manifold. An extensive discussion of the classi- 
cal correspondence, including complete proofs and several applications, can be 
found in [LT]. 

Let us fix a Hcrmitian metric h on E. The Kobayashi-Hitchin correspondence 
yields an isomorphism of moduli spaces between the moduli space of stable 
holomorphic structures with fixed determinant and the moduli space of irre- 
ducible integrable Hermitian-Einstein connections A with fixed determinant on 
{E,h). This isomorphism plays a fundamental role in Donaldson theory, since 
- on complex surfaces - the latter moduli space can be further identified with a 
moduli space of projectively ASD connections (see [DK], [LT] and section 5.1.2 
in this article for details). 

^We thank the referee for pointing out this fact and reference [KO]. 
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Higgs pairs. We fix a differentiable vector bundle E on X, a holomorphic 
structure £ on det E and a holomorphic vector bundle J^o on X. In the classical 
theory of Higgs fields one takes J^o = (see [Hi], [Si]). 

The problem here is to classify modulo r(X, SL{E)) all pairs {£, <I>) where 
£ is again a holomorphic structure on E which induces £ on detii^, and $ S 
H^{End{£) (S) ^o) is a holomorphic ^o-twisted endomorphism. 

For such objects one also has a stability condition: this condition asks that 
(1) holds for all nontrivial ^-invariant subsheaves J^. This complex geometric 
condition can be again characterized in a differential geometric way (see [Hi], 
[Si]): a Higgs holomorphic pair {£,^) is stable if and only if is simple and £ 
admits a metric h satisfying the Higgs equation 

1 27r 
.AF. + ^[^,^--]^ ^^_^^,^^^^(^^ M.(^)id. 

Again, this result yields an isomorphism of moduli spaces: the complex geo- 
metric moduli space of stable holomorphic Higgs pairs and the differentiable 
geometric moduli space of irreducible integrable solutions {A, $) of the Higgs 
equation. Arbitrary solutions of this equation correspond to polystable holo- 
morphic Higgs pairs (see [Hi], [Si]). 



Holomorphic pairs, (see [Bra], [Th], [HL]) Let S be a rank r bundle on X. 

One wants to classify modulo r(X,GL{E)) - the pairs (£,f), where f is a 
holomorphic structure on E and ip is a holomorphic section in £. 

The stability condition for this problem depends on a real parameter r. A 
pair {£, tp) is r-stable if 

max(/Xg(£), sup iig{!F)) < t < inf pig{£/!F) , 

where TZ{£) denotes the set of subsheaves of £ with torsion free quotients. 

There is again a differential geometric characterization of the stable pairs. 
{£, (p) is T-stable if and only if it is simple (i. e. it admits no non-trivial 
infinitesimal automorphisms) and £ admits a metric h satisfying the vortex 
equation 

iKFh + ® v*" = 7 ^.^Jl , .y. ride . 

2 (n — l)\Volg[X) 



Witten triples, (see [W], [Dii]) Consider a line bundle L on a complex surface 
X. We want to classify modulo T{X, GL{L)) = C°°(X, C*) the triples (£, (p, a) 



5 



consisting of a holomorphic structure £ on L, a holomorphic section G H^{C) 
and a holomorphic morphism a : £ — > /Cx- 

The stabiUty condition depends again on a real parameter r. A triple (£, if, a) 
is T-stable if either deg(£) < r and 7^ 0, or deg(£) > r and a 7^ 0. 

A triple (£,</?, a) is stable if and only if it is simple (i. e. {^,0) 7^ 0) and £ 
admits a metric h satisfying the mixed vortex equation 

1 2tt 
This result yields again an isomorphism of moduli spaces. 

Remark: In the vortex equation and the mixed vortex equation one can replace 
the constant f^n-iyvoi (x) right by a real function t. The corresponding 

stability condition depends only on t volg when g is Gauduchon. The case 
when t = ^ (where Sg stands for the scalar curvature of 17) plays a crucial role 
in the Seiberg-Witten theory on complex surfaces (see [W], [Bi], [Dii] [OTl], 
[0T2], [Te2]). 



Oriented holomorphic pairs. Wc fix again a diffcrcntiablc vector bundle E 
of rank r on X and a holomorphic structure £ on det E. This time we want to 
classify modulo T{X, SL{E)) the pairs {£,(p), where £ is a holomorphic structure 
on E which induces £ on detE and (/? e H^{E) is a holomorphic section. 

The stability condition in this case is (see [OST], [0T2], [0T8], [Te2]) 
max(;Ug(f), sup A<g(.F)) < inf iJbg{£/T) , 

whereas the corresponding Hermitian-Einstein type equation is 

iAF^ + i((p(g)<p*'')o = 

In the case n = r = 2, one gets a complex geometric interpretation of the mod- 
uli spaces of PU (2)-monopolcs on complex surfaces (see [Te2] for the Kahlerian 
case and section 5.3 in this article for the Gauduchon case). 

In order to illustrate the generality of the results in this article, consider now 
the following artificial moduli problem: 

Fix a system of differentiable vector bundles {Ei)o<i<n of ranks Vi, a system 
of holomorphic vector bundles {J^j)i<j<m of ranks pj on X, and a holomorphic 
structure £0 on detiJo- 
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Classify systems {£i,ipij,ipi) where £i is a holomorphic structure on Ei such 
that £o induces £o on det-Bo, S H^{£i J^j) are holomorphic homomor- 
phisms, and ipi G T{X,¥(End{£i)) are holomorphic sections in the projectiviza- 
tions of the cndomorphism bundles of £i. 

The question is: which is the correct stability (polystability) condition in this 
case, and which is the corresponding Hermitian-Einstein equation? 

All the "classical" moduli problems listed above, as well as this artificial mod- 
uli problem are just special case of the following very general complex geometric 
classification problem; 

A universal moduli problem. We note that in all these examples one has a 

system of fixed holom,orphic structures, a system of variable holomorphic struc- 
tures on fixed C°°-bundles, and a system of variable sections in associated bun- 
dles, which are holomorphic with respect to both variable and fixed holomorphic 
structures. 

The best way to formulate a universal generalization of all moduli problems 
of this type is the following (see [0T3], [0T5]): 

Consider an exact sequence 

{1} ^ G G ^ Go ^ {1} 

of complex reductive groups, and choose a G-bundle Q on X and a holomorphic 
action aiGxF— >Fona Kahlerian manifold F. Let Qq := Q/G be the 
associated Go-bundle and E the associated F-bundle E := Q Xa F. Fix a 
holomorphic structure Qo on Qq. Our universal classification problem is: 

Classify the pairs (Q, ip), where Q is a holomorphic structure on Q inducing Qq 
on Qo and G T{X, E) is holomorphic with respect to the holomorphic structure 
induced by Q on E, modulo the gauge group Q := AutQo(Q) = T{X, Q XAd G). 

A pair (Q, p) of this type will be called an oriented pair of type {Q, a, Qo)- 

This class of moduli problems was first considered in [0T3] in the case when 
X is a complex curve; in this case the corresponding moduli spaces were used 
to introduce the twisted gauge theoretical Gromov- Witten invariants. The par- 
ticular case Go = {1} (the case of non-oriented pairs) was previously studied 
by Mundet i Riera in [Mul] on Kahler manifolds. 

Example: For instance, to get our "artificial moduli problem" above as a 
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special case of our universal problem, take 

n n m 

G := SL{ro, C) x JJ GL{ri, C) , G := GL(ro, C) x JJ GLin, C) x JJ GL{pj, C) , 

i=l i=l j=l 

m n 

Go = C* X JJ GL{pj , C) , F := JJ YLom{C' , C^^ ) x JJ P(End(C''' )) • 
■'■=1 0<i<n '=0 

l<j<m 

The action d is the natural action of G on i^, whereas the fixed holomor- 
phic structure Qo is defined by the system of fixed holomorphic structures 

(£, (^j)l<j<m)- 

Similarly one can sec easily that all classical moduli problems in our list are 
also special cases of this universal problem, as well as all "quiver problems" 
considered in [AG]. 

The main goals of our article are: 

I. To give the correct stability and polystability condition for this universal 
moduli problem and to characterize the polystable pairs in terms of the exis- 
tence of a reduction of Q to a maximal compact subgroup K c G which satisfies 
a certain generalized Hermitian-Einstein equation. In this article, we solve this 
problem completely (see Theorem 3.3, Theorem 4.2 for the precise statements). 

In particular, these results give a Kobayashi-Hitchin correspondence for holo- 
morphic principal bundles with arbitrary reductive groups on arbitrary compact 
Hermitian manifolds. 

II. To study, in the non-Kahlerian framework, metric properties of this large 
class of moduli spaces: we show that the (smooth part of the) moduli space 
associated with such a problem comes always with a natural Hermitian metric, 
and that this Hermitian metric has interesting properties (for instance is Kahler 
as soon as the base manifold is semi-Kahler). The construction of this canonical 
Hermitian metric uses ideas from Donaldson theory. 

II. To apply our general results to remarkable classes of moduli spaces: mod- 
uli spaces of oriented connections, Douady Quot-spaces, moduli spaces of non- 
abelian monopoles on Gauduchon surfaces. 

Previous results on universal moduli problems. In this paragraph we 
acknowledge previous contributions on the subject, from which we benefited a 
lot. On the other hand we explain carefully the progress made in the present 
article compared with previous work. 
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The idea to a find a "universal" generalization of the correspondence for all 
possible coupled moduli problems is of course very natural. Important progress 
in this direction was first achieved by Banfield [Ba] who proved a Kobayashi- 
Hitchin correspondence for non-oriented pairs whose second component is a 
section in vector bundle associated with a linear representation a. Banfield's 
stability condition is a natural extension to coupled problems of the stability 
condition for holomorphic bundles with arbitrary reductive structure group as 
developed by Ramanathan and Ramanan-Ramanathan [Ra], [RR]. In his very 
interesting Ph. D. thesis (sec [Mul]), Mundet i Riera succeeded to general- 
ize Banfield's result to the case of an arbitrary (not necessary linear) action 
on a Kahlerian fibre. In the present article we use essentially his important 
contribution on the subject. 

We also mention that a very general Kobayashi-Hitchin correspondence on 
Kahler manifolds is stated in [BGM], where the same type of holomorphic pairs 
is considered, but the symmetry group of the problem is a more general "Lie 
subgroup" Q C Aut((5); but there is a price to pay for this generality: the 
inequality in the corresponding stability condition depend on a vector varying 
in an infinite dimensional Lie algebra, so this is not a practically checkable 
condition. 

All these contributions concern the particular case when the base manifold is 
Kahlerian and they all use similar methods. 

Compared with the existing literature, the results and the formalism developed 
in the present article has several important advantages : 

1. Our methods applies to the general non-Kiihlerian framework. 

We mention that in the non-Kahlerian framework several important diffi- 
culties arise: 

(a) The left term of the Hermitian-Einstein equation can no longer be 

regarded as a moment map, 

(b) The Kahler identities do not hold, 

(c) The degree of holomorphic bundles is no longer a topological invari- 
ant. 

For these reasons, the methods used in [Mul], [BGM] do not appear to 
apply to the non-Kahlerian framework. 

2. We treat not only the correspondence between stable objects and irre- 
ducible solutions of the (generalized) Hermitian-Einstein equations (see 
[Mul], [BGM]) but the general correspondence between polystable objects 
and arbitrary solutions of these equations. 
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This is also an important point, because even in the classical Donaldson 
theory, the possible presence of the "reductions" in the moduli spaces must 
be always carefully taken into account. 

3. Our stability condition has holomorphic character, move prc;ciscly, the 
terms in our stability inequalities are intrinsic holomorphic invariants asso- 
ciated with the oriented holomorphic pair (Q, and certain meromorphic 
reductions of Q. Only the given parameters (the Hcrmitian base manifold 
and the Hamiltonian action on the fibre) are used in the construction of 
these invariants. Holomorphically isomorphic oriented pairs will have the 
same set of invariants. 

These invariants do not require and do not depend on a background K - 
reduction of Q (contrary to [Mul] and [BGM]j. This is important (even 
in the Kahler and algebraic case!), because a /T-reduction is a differential 
geometric object; its construction requires a partition of unity (as does the 
construction of a Hermitian structure of a vector bundle), so a stability 
condition which depends on the choice of a JC-reduction is not practically 
checkable. 

The complex geometric character of our stability condition is a conse- 
quence of the complex geometric equivariance properties - obtained in 
[Te3] - of the maximal weight function associated with a finitely dimen- 
sional energy complete Hamiltonian triple (see Proposition 1.9). Without 
the energy completeness condition, there seems to be no way to prove 
these complex geometric equivariance properties. 

The main feature of the classical stability condition for bundles is its complex 
geometric nature: even on general Hermitian manifolds the slope map on the 
set of non-trivial subsheaves of a given holomorphic bundle has a pure complex 
geometric character, because it does not depend on the choice of a Hermitian 
metric on this bundle (see [Ga], [LT]). 

Therefore our universal Kobayashi-Hitchin correspondence respects this fun- 
damental feature of the classical Kobayashi-Hitchin correspondence, i. e. it 
deals only with complex geometric stability and polystability conditions. 

In fact this difficulty already arises in the finite dimensional framework (see 
section 1): the generalized maximal weight function A associated with a K- 
moment map fi for a general holomorphic action a:GxF— ^Fona Kahler 
manifold is not equivariant with respect to the whole complex reductive group 
G, but only with respect to the fixed maximal compact subgroup K . Therefore, 
the inequality A(a;) > involved in the "analytic stability condition" is a priori 
not a complex geometric condition. Moreover, in the general case, it is not 
possible to give numerical characterizations of semistable and polystable points. 

In the finite dimensional framework these diSiculties have been explained and 
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overcome in [Te3], where it was shown that one has to impose a certain com- 
pleteness condition on the pair (a, /i) in order to have a maximal weight function 
A with good complex geometric cquivariancc properties. For this class of ac- 
tions (which includes all holomorphic Hamiltonian actions on compact Kahler 
manifolds and all linear actions) one can give complex geometric numerical char- 
acterizations of stable, semistable and polystable orbits. 

Using this formalism, wc were able to extend the Kobayashi-Hitchin corre- 
spondence for "universal" oriented holomorphic pairs to the case when the base 
manifold X is an arbitrary compact Hermitian manifold. Moreover, we give a 
complex geometric numerical characterization not only of the stable, but also of 
the polystable pairs (i. e. of all pairs which admit a iC-reduction satisfying the 
generalized Hermitian-Einstein equation). This gives a complete complex geo- 
metric interpretation of the whole moduli space of solutions of the generalized 
Hermitian-Einstein equation. 

Extending the Kobayashi-Hitchin correspondence to the non-Kahlerian frame- 
work is important for many reasons: for instance this generalization furnishes 

complex geometric descriptions of the moduli spaces of instantons with arbi- 
trary compact symmetry groups and of the moduli spaces of Seiberg-Witten 
monopoles (abelian and non-abelian) on all complex surfaces. Furthermore, im- 
portant applications of the classical Kobayashi-Hitchin correspondence to the 
classification of non-Kahlerian surfaces can be found in [Tel], [Te4] [LT], [LYZ]. 

Our proof is based on the continuity method developed by Uhlenbeck and Yau 
for the classical Kobayashi-Hitchin correspondence (relating polystable bundles 
to Hermitian-Einstein connections). This seems to be the appropriate method 
in the non-Kahlerian framework, because in this case the left hand term in the 
generalized Hermitian-Einstein equation is no longer a formal moment map. On 
the other hand, the original proof of Uhlenbeck- Yau for the classical Kobayashi- 
Hitchin correspondence does not extend mechanically to our class of coupled 
problems with general symmetry groups, so the classical strategy developed by 
these authors must be completed with new techniques. 

Usually moduli problems for bundles with reductive striicture group G are 
treated using a faithful representation G GL{r, C) and reducing the problem 
to the case G = GL{r,C), i. e. to the more familiar case of vector bundles. 
We will not follow this tradition, because we realized that this method does not 
really simplify the problem, and dealing directly with the general case is more 
natural and interesting. Consequently, we need an analogue of the well-known 
theorem of Uhlenbeck- Yau on weakly holomorphic subbundles, for general re- 
ductive structure groups G. In other words, we show how one can construct a 
meromorphic reduction of a holomorphic principal G-bundle Q to a parabolic 
subgroup L c G using an Lf-section s e r(ad(Q)) which satisfies an algebraic 
property and a certain weak holomorphy condition. This correspondence, which 
follows easily from the results in [UYl], [UY2], is presented in the Appendix. 



11 



The structure of the article. We begin with the "finite dimensional" Koba- 
yashi-Hitchin correspondence. This result gives a numerical characterization of 

the polystablc orbits with respect to a holomorphic Hamiltonian action (a, fj.) 
satisfying our technical completeness condition. This result can be regarded as 
a {non-algebraid) complex geometric generalization of the well-known Hilbert 
criterion in classical GIT. A different proof can be found in [Mul] (for the stable 
case) and [Te3] for the general semistable case. Here we give a proof which is 
based on the same continuity method which will be used later in the infinite 
dimensional gauge theoretical framework. 

The main ideas of the results presented here are present already in the clas- 
sical GIT contributions ([Ki], [MFK], [KN]); the goal of this chapter is just to 
treat carefully the delicate non-algebraic non-compact case and to point out the 
specific difiiculties (see [Te3], [BT]). 

In the second chapter we state our "universal" moduli problem and we in- 
troduce the stability, semistability and polystability conditions for universal 
oriented pairs. Much care is dedicated here to the notion of degree of a mero- 
morphic reduction to a parabolic subgroup with respect to an ad-invariant linear 
form; this concept is very delicate in the non-Kahler framework. 

In the third chapter we introduce the Hermitian-Einstein equation for uni- 
versal oriented pairs and we prove the "simple" implication of the Kobayashi- 
Hitchin correspondence: any pair which admits a Hermitian-Einstein reduction 

is polystable. 

The fourth chapter deals with the "difficult" implication: any polystable pair 
admits an admissible Hermitian-Einstein reduction. The proof of this, based on 
the Uhlcnbcck-Yau continuity method, uses involved analytical techniques. 

In the fifth chapter we give applications of our results: The starting point of 
the chapter is to notice that, as in Donaldson theory, the obtained correspon- 
dence between solutions of the generalized Hermitian-Einstein equation and 
polystable oriented pairs yields always an isomorphism of moduli spaces (the 
Kobayaslii-Hitchin isomorphism) . In the first section of the chapter we treat in 
detail the case of the correspondence between oriented holomorphic structures 
and oriented connections. We give a simple argument to explain why mod- 
uli spaces of oriented connections are important: the "cobordism argument" 
used for relating the Donaldson invariants to the Seiberg-Witten invariants gen- 
eralizes to non-simply connected 4-manifolds, but one should use Donaldson 
invariants constructed with moduli spaces of oriented, projectively ASD U{2)- 
connections, instead of moduli spaces oiPU (2)-instantons. In the second section 
of the chapter we turn to coupled problems. For both classes of moduli problems 
(non-coupled and coupled) we use the Kobayashi-Hitchin isomorphism to con- 
struct a canonical Hermitian metric on (the smooth part of) the moduli space. 
We prove in full generality that this metric is always Kahler when the base man- 
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ifold is semi-Kahler, and that its Kahler form satisfies the equation dd^l = 0, 
when the base manifold is Gauduchon. The main idea of the proof comes from 
Donaldson theory: for the construction of we use a method similar to the one 
used in [DK] to construct de Rham representatives of the /U-classes. This gener- 
alizes the results concerning the metric properties of the classical moduli spaces 
of holomorphic vector bundles, obtained with different methods in [LT]. As an 
application we endow Douady Quot-spaces with canonical Hermitian metrics, 
by identifying them with suitable moduli spaces of stable oriented holomorphic 
pairs. The more delicate non-Kahlcrian case is treated carefully. The third 
section of the chapter is dedicated to non-abelian Seiberg-Witten theory for 
Gauduchon surfaces. We give a geometric interpretation of the moduli spaces 
of non-abclian monopoles in this general framework in terms of oriented rank 2 
holomorphic pairs. 

The Appendix contains technical results (i.e. identities for Chern connections, 
local diagonalization results for arbitrary compact Lie groups, meromorphic 
reductions to parabolic subgroups) which are all of independent interest. 

Notations and conventions. We tried to respect the standard conventions 
and notations used in the literature. However, for mathematical reasons, we 
also had to introduce some new ones: 

For instance, in [Mul] the notations E, Eq are used for a principal K bundle 
and its G = K'^-extension E Xk G. In our article, P stands for a K princi- 
pal bundle (standard differential geometric notation) and Q for a G-principal 
bundle, where K is a maximal compact subgroup in G. It is very important 
that we do not fix an identification Q = P x G when stability is introduced, 
because fixing such an identification is equivalent to choosing a background 
/C-reduction of Q, and, as explained above, stability should be a holomorphic 
condition referring to holom,orphic objects. 

For the same reason, the first component of our holomorphic pairs is a bundle- 
holomorphic structure on Q (denoted by J or Q) and not an integrable K- 

connection A (compare with [Mul], [BGM]). Passing from holomorphic struc- 
tures to connections is possible only after fixing a if-rcduction of Q. 

Third, the real and complex gauge groups are denoted by '^k and in [Mul] . 
To simplify the notation, we preferred the symbols /C and Q. 

Note also that our stability condition is slightly simpler than the stability 

condition in [Mul]. Indeed, the "initial parameter" in [Mul] is a pair (L,£^) 
consisting of a parabolic subgroup of G and a dominant character of L. On 
the other hand, our initial parameter is just a Hermitian type vector ^ in the 
Lie algebra g. The point is that we only need a parabolic subgroup of G which 
is canonically associated with ^. Since the functoriality of this parabolic group 
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with respect to both G and ^ plays an important role, we used the notation 
G{^) for this parabolic subgroup. 

Moreover, the central constant c in the "c-stability condition" formulated in 
[Mul] can be absorbed in the moment map yu, so without any loss of generality, 
one can omit this parameter. 

Acknowledgment: This work grew out as part of an ample research project 
on the universal Kobayashi-Hitchin correspondence and its applications, which 
started in Ziirich in collaboration with Ch. Okonek. 

1 The finite dimensional Kobayashi-Hitchin cor- 
respondence 

In this section we give a brief presentation of the stability theory in the finitely 
dimensional Kahlerian non-algebraic framework and explain the analogue of the 
Hilbert criterion in this framework. The Hilbert criterion we prove here gives 
a numerical characterization of the polystablc orbits, i. c. of the orbits which 
intersect the vanishing locus of the moment map. Our proof - based on the 
continuity method - is a very good preparation for understanding the proof 
of our universal Kobayashi-Hitchin correspondence on Hcrmitian manifolds in 
section 4, which will follow the same strategy but will require involved analytical 
techniques. 

1.1 Analytic Stability, Symplectic stability 

For complete proofs and more details about the notions and the results intro- 
duced in this section we refer to [Te3]. The analogous results in the algebraic 
geometric framework are well known ([Ki], [MFK], [KN]), but the non-algebraic 
framework raises specific difficulties. 

Let G be a complex reductive group. We denote by H{G) the subset H{G) c q 
defined by 

H{G) := G fli exp(iR^) is compact} = |J it . 

KcG 
maximal compact 

H{G) is a locally closed cone in q. The elements in H{G) will be called vectors 
of Hermitian type (see [Te3]). There is an obvious non-surjective injective map 
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Hoin(C*, G) H{G) given by 

(K 9 i 61(1 + i)) =die{l) . 
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Therefore, compared to classical GIT, in non-algebraic complex geometry, one 
has to consider more general (non-algebraic!) one-parameter subgroups, which 
do not exponentiate to morphisms C* — > G. 

To any ^ e H{G) one can associate a parabolic subgroup G(^) of G by 
G(^) := {g e G\ lim exp{t^)g exp{—t^) exists in G} 

t—*oo 

The subgroup G(^) fits in a short exact sequence 

{1} U{0 G(0 ^(0 {1} , (2) 

where 

U{0 := {g e G\ lim exp(tC)5exp(-tO = e} 
is the unipotent radical of G(^) and 

ZiO:={geG\ ad,(0=a, 
is the reductive centralizer of ^. 

G(^) is the direct product of its subgroups U{£,), Z{£,). Note that that the 
normal subgroup U{^) is canonically associated with the parabolic subgroup 
G{^), whereas the subgroup Z{^) c G(^) depends on the choice of the vector ^. 

The Lie algebras of these groups are 

u(0 :=0Eig([^,-],A) , 3(0=^s(0=ker([^r]) , fl(0 = Eig(K, •], A) . 

A<0 A<0 

Following [Te3] we introduce in H{G) the following important equivalence 
relation: 

Definition 1.1 We say that two vectors C ^ H{G) are equivalent (^ ~ C,) if 
one of the following equivalent conditions is satisfied: 

1- ( ^ siO ^'^'^ there exists g G G(^) such that adg(^) = (. 

2. C-^eu(0. 

3- ^ & fl(C) o-nd there exists g G G{Q such that adg(C) = ^• 
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I ^-CGu(C). 



Proposition 1.2 Let K c G be a maximal compact subgroup of G. Then the 
composition 

it ^ H{G) ■^('^V- 

is a homeomorphism. 

In particular, it is a complete system of representatives for the equivalence 
relation 

Corollary 1.3 If G is a closed reductive subgroup of the reductive group G, 
then the inclusion H{G) H{G) induces an injection 

HiGy^^^HiGy^^ 

which is a homeomorphism on its image. 

Example: Consider the case G = GL{r,V), where is a finite dimensional 
complex vector space. Then H{G) C gl{V) is the subset of endomorphisms 
which are diagonalizable and have real eigenvalues. Every such endomorphism 
^ defines a filtration 

ViO = (VA)A6Spec(C) , Vx := Eig(^, I.) 

of V. 

The parabolic subgroup G(C) consists of those elements g G GL{V) which 
leave the filtration V{^) invariant. Two elements ^, C & H{G) are equivalent if 
and only if they have the same eigenvalues and define the same filtration. 



Let a : G X F ^ F he & holomorphic action of a complex reductive group 
on a complex manifold F. A Hamiltonian triple for a is a triple r = {K, g, ji) 
consisting of a maximal compact subgroup if of G, a iiT-invariant Kahler metric 

g on F, and a moment map ji for the induced if -action on {F,ujg). 

The data of a Hamiltonian triple for the holomorphic action a allows one 
to construct a Kdhlerian quotient of i^ by G (sec; [HH]). As in the algebraic 
geometric GIT (where the quotient depends on tlie clioice of a linearization of 
the action), a Kahler quotient depends in general essentially on the choice of 
the Hamiltonian triple r. 
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Definition 1.4 Let r = {K,g,ij) be Hamiltonian triple for the action a. A 
point X G F will be called: 

1. (symplectically) r-semistable if Gx (1 ^^^(0) ^ 0. 

2. (symplectically) t -stable if Qx = {0} and Gx C\ /i^^(O) ^ 0. 

3. (symplectically) r-polystable if Gx fl /U~^(0) ^ 0. 

We will denote by F^***, Ff, F^^* the subsets of symplectically T-(semi, poly) 
stable points in F. 

By the results of [HH] one has 

Theorem 1.5 1. F^^^ is open in F. 

2. There exists a good quotient n : F^^* Q^., where Qr is a Hausdorff 
complex space. 

3. The closure of every semistable orbit contains a unique polystable orbit. 

4. The inclusions A*~^(0) ^ F^^^ ^ F^^* induce homeomorphisms 



In particular two semistable orbits have the same image in Qr if and only 
if the intersection of their closures contains a polystable orbit. 

Therefore the Kahler quotient Qr can identified with the symplectic quotient 

so this results states that, in the Kaliler case, this symplectic quo- 
tient (which in general can be very singular) inherits a natural complex space 
structure. 

Let again r = {K, g, fi) be a Hamiltonian triple for a. 

Remark 1.6 For any s G it, the map 1 1-^ (/x(e**a;), —is) is increasing. 

Indeed the derivative of this map at t is just \\sfts ||^- 
We put 

X^i^x) := lim {ii{e*''x), -is) . 
t— ^00 

Note that 

yix) = {Ke''x),-ts)+EM) (3) 

where : [0, 00) ^ F is the parameterized curve t 1-^ e*^x and Eg stands for 
the energy with respect to the metric g. 
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Using the standard equivariance property of the moment map one gets the 
-fC-equivariance property of the map A 

A"(a;) = X'"^'''^''>{kx) Vs e H , k G K (4) 
The following stability criterion is well-known (see for instance [Mul], [Te3]): 
Proposition 1.7 Let x G F. The following conditions are equivalent 

1. X is symplectically t -stable. 

2. X^{x) >Q for alls &il\{Q}. 

A point x satisfying the second condition is usually called analytically r-stable. 
This criterion can be considered as the Kahlcrian analogue of the Hilbert crite- 
rion in GIT. However, this criterion is not satisfactory for our purposes for the 
following reasons: 

1. The map A is not a purely complex geometric object; it depends on the 
choice of a Hamiltonian triple for the action a, which is a differential 
geometric object. 

2. As it stands, the analytic stability condition is not a G-invariant condition, 
because A is only a /C-equivariant function, not a G-equivariant one. 

3. The criterion does not work for semi stable points: for general holomorphic 
actions a on non-compact manifolds the condition A** (x) > for all s G it 
does not imply that x is symplectically semistable. 

The simplest way to overcome these difficulties is to restrict ourselves to energy 
complete Hamiltonian triples (see [Te3]): 

Definition 1.8 A Hamiltonian triple r = (K,g,iJ,) is called energy complete if 

for every (s, x) G ii x F the following implication holds 

Egict.) < 00 => lim ci.{t) exists in F . 

t— >(X) 



We refer to [Te3] for the following 

Proposition 1.9 The map \ : it x F — 

complete Hamiltonian triple t = {K, g, fi) 



M U {oo} associated with an energy 
has a unique extension 



A : H{G) xF^RU {oo} 
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which is G-equivariant, i. e. 

X'{x) = X''^o^'\gx) Vs e H{G) G FVg e G . 
This function has the following properties 

1. homogeneity: X*^{x) = tX^{x) for any t G M>o, s G H{G). 

2. parabolic invariance: X^ix) = X^{hx) for every x G F, h G G{s) . 

3. ~ invariance: A*(x) = A'^(x) if s ^ a. 

4- semicontinuity: if {xn, Sn)n ix,s) then X''{x) < liminf A*" 

n— ^oo 

The G-equivariant extension A : H{G) x F — > E U {oo} will be called (for 
historical reasons, see section 1.3.2) the maximal weight function associated 
with the (energy complete) Hamiltonian triple a. 

For our gauge theoretical results we will need the following result 

Proposition 1.10 Let G be a reductive normal subgroup of a reductive group 
G, and let a : G x F ^ F be a holomorphic action. 

Let K c K be maximal compact subgroups of G and G and let r = {K, g, jj) be 
an energy complete Hamiltonian triple for q:|gxf such that fi is K-equivariant. 

Then the corresponding maximal weight function X : H{G) x F — > KU {oo} is 
G- equivariant , i. e. it satisfies one of the following equivalent conditions: 

1. G-equivariance: X^{x) = X'^^^^^gx) for all s G H{G), g G G. 

2. G-parabolic invariance: A* (a;) = X^{hx) for every x G F, h G G{s). 

We denote by Gx the stabilizer of a; G F, and by its Lie algebra (the 
infinitesimal stabilizer oi x). A complex Lie subalgebra f) C fl will be called 
reductive if it is the complexification of the Lie algebra of a compact subgroup 
of G. 

Definition 1.11 Let a : G x F ^ F be a holomorphic a action of a complex 
reductive group, and let X : H{G) x F ^ RU{oo} be the maximal weight function 
associated with an energy complete Hamiltonian triple r. A point x G F will be 
called 

1. analytically T-semistable, if X'^{x) > for every s G H{G). 

2. analytically t -stable if it is X-semistable and strict inequality X^{x) > 
holds for allsGH{G)\{0}. 
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3. analytically T-polystable if its infinitesimal stabilizer is reductive, it is 
X-semistable and X^{x) > for every s G H{G) which is not equivalent to 
an element in Qx ■ 

Remark 1.12 If x is analytically r-semistable then 

X^ix) = {fj,{x), -is) = 0\/s € itx . 

Indeed, for s E ii^, the path is constant, hence X^{x) = — is). The 

right hand term defines a hnear form on ii^ which takes nonnegative values, 
hence it vanishes. 

Remark 1.13 Under the assumptions of Definition 1.11, one has: 

1. X is analytically r-semistable iff X^{x) > for all s G it. 

2- if Qx = ^^^''^ ^ i^ analytically T-polystable iff X^{x) = for all s G it^ 
and A* (a;) > for all s G 

Note that if ^xj o^i^ has no numerical characterization of the polystability 
of X in terms of elements s G it; on the other hand one can always choose a 
Hamiltonian triple r' = {K' , g' , jj) conjugate to r - i. e. a triple of the form 

{K',g',pi') = (Ad^(X),(7-i)*g,ad;-i 0/X07-I) 

such that 0x = ; two conjugate triples define the same maximal weight 
function on H{G) x F (see [Te3]). 

The comparison results in [Te3] show that 

Proposition 1.14 Let r = {K,g,ij) be an energy complete Hamiltonian triple. 
A point X G F is symplectically T-(semi, poly) stable if and only if it is analyti- 
cally (semi, polyjstable. 

This result should be regarded as a (non-algebraic) complex geometric Hilbert 
criterion. Note that the proof in the semi stable case is rather difficult. 

In the next section we will give a short proof for the polystablc case, which is 
based on the continuity method and follows the same strategy as the proof of 
our universal Kobayashi-Hitchin correspondence. 

1.2 The Continuity Method in the finite dimensional case 

In this section we give an easy proof based on the continuity method for the 
following result: 
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Proposition 1.15 Let r = {K,g,i2) be an energy complete Hamiltonian triple 
and let X G F. Then the following conditions are equivalent: 

1. X is symplectically r-polystable. 

2. X is analytically r-polystable 

We begin with the following simple 

Lemma 1.16 Let ji be a moment map for an action a : K x F ^ F of a 
compact Lie group on a symplectic manifold F. Then 

ii{x) e zt{tx) ■ 

Proof: Regarding as a map F — > 6 via an ad/j-invariant inner product, we 
get for any u 

dKuf) = ^\t=o /«(e*"(a;)) = ^\t=o adetu(/i(a;)) = [u,iJ,{x)] . (5) 
The left hand term vanishes when u G tx- • 



Proof (of Proposition 1.15): 

We start with the simple implication 1. =J> 2. If x is symplectically r-polystable, 
let xo € Gx n ^~^{0). It is easy to see that q^o = ^xo' lience Qxo (so also Qx) 
are reductive subalgcbras. Moreover, one checks easily that A*(.xo) = for 
s G iixo S'lid '^^(^^o) > for s G it\iixo- Therefore Xq (so also x) is analytically 
r-polystable (see [Te3] for details). 

Suppose now that x is analytically polystable. 
Step 1 . Reducing the problem to the case 

8x C z{q, G) , (6) 

where 

z(0, G) :— {u e g\ adg(ii) — u^g G G} . 
Note that z{q, G) = z{q) when G is connected. 
Put 

G' := Zg{Qx) = {gGG\ adg(u) = u Vu e fl^} . 

Since Qx is a reductive subalgebra, it is easy to see that G' is a reductive subgroup 
of G with Lie algebra q' = Zg{Qx)- 
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Consider the restricted action a' := ajcxF of G" on F. 

The infinitesimal stabilizer g'^ of x with respect to a' is Qx H g'. Since this 
subalgebra of g' is contained in q^, its element are invariant under adg for all 
g e G', by the definition of this group. Therefore g'^ C z{g', G'). 

Since Qx is a reductive subalgebra, it follows that, replacing r by a conjugate 
triple if necessary, wc may suppose that g^ = t^- 

We have obviously G' = K' , g' = t' , where 

K' := ZK{t.) , t' = zt{tx) . 

The triple r' = {K',g,fi' :~ is an energy complete Hamiltonian triple for 
a' . It is easy to see that x is analytically r'-polystable. Suppose we have proved 
the implication 2. =^> 1. in the case when (6) holds. It will follow that x is 
symplectically r'-polystable, hence there exists g' G G' such that n'{g'x) = 0. 

We state that, in our case, the relation fi'{g'x) = implies the apparently 

stronger relation ^i{g'x) = 0. 

Indeed, note first, that since g' G G' = Zcigx) then ggi^ = adg/ (g^) = gx = 6^- 

By Lemma 1.16 we get n{g'x) € zt{tx) = ■ But the relation iJ.'{g'x) = 
means that the projection of n{g'x) on t' vanishes. Therefore nig'x) = 0. 

Step 2 . Proving the implication 2. =J> 1. in the case (6) using the continuity 
method. 

Since g^ C z{g,G), we have 

= 030. n « = adgigx) n « = fl^ n t = V<7 e G . (7) 

We seek an element g G G such that 

fi{gx) = (8) 

In order to solve this equation, we use the continuity method: we choose a 
suitable point xq € Gx, we solve for e G (0, 1] the perturbed equation 

iAt(e^a;o) + es = , s G it^^ (9) 

and then we make £ ^ 0. 



a) We choose an element xq G Gx such that the perturbed equation (9) has 
a solution in ifii, for £ = 1. 
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Set si := —ijiix). Put xo := e^^^x. Then 

«/x(e*^xo) + Si = i/x(x) + Si = . 
By Remark 1.12 we have si e so by (7), we get as required si e it^^. 

b) We prove that the set 

T := {£ e (0, 1]| 3s e it^^ such that i/u(e*a;o) + es = 0} 
is open in (0, 1]. 

We apply the impUcit function theorem to the function 

The fact the I takes values in ilj^^ follows again from Remark 1.12. Let s, s G it^^ 
and decompose 

s = A + [fc, s] , with A e izt{s) , k e zi{s)^ 
as in the proof of Proposition 6.10 in the Appendix. Put 

cr := {{ds oxp)(s)) e"^ , (Th := Pit{(j) , (Ja ■= Ptic^) ■ 
Using the known formula (5), we get 

— (e, s)(s) = idfj,{a*s^J+es = idfj,{{af)esa:o) + idfJ-{{a*)esxo) + £s 

= idn{{a*)e=xo) + [aa, i/u(e^xo)] + es 
At a pair (e, s) where l{e, s) — 0, this reduces to 

dl 

— {e,s){s) =idiJ.{{af)esxo)-£[(^a,s]+es . 

Therefore 

(^^{s,s){s),ah^ = {dii{{af)e'xo),-i<^h) -£{Wa,s],ah) +e{s,ah} = 

l^{-ii'^h)e''xo,{(^h)e'-xo) - s{[(Ta,s\,ah) +S{s,ah) > \\i'^h)e'-xof + 

by Proposition 6.10 in Appendix. Therefore ^(e,s) is an invertible operator. 

c) We prove that the set T is closed in (0, 1]. 



23 



Let (£n)n be a sequence converging to £o G (0, 1]. Taking the inner product 
of the equation l{sn, =0 with s„ := s^^ we get 

(^(e*"xo), -isn) + e„||.s„||^ = 

We know by Remark 1.6 that the function 1 1-^ (/x(e**a;o), —is) is always increas- 
ing, so 

1 11 
\\snf = (/u(e*"a:;o),-is„) < (/x(a;o), -is„) < — ||/"(a;o)|| ||s„|| , 

which shows that the sequence (s„)„ is bounded. The limit of a convergent 
subsequence will give a solution of the equation /(eq, •) = 0. 



d) Let {en)n be a sequence in (0, 1] with £„ \ 0. We prove that any sequence 
(s„)„, Sn € ifi^ ■with l{£n: = is bounded. 

Taking a subsequence if necessary, it suffices to prove that the condition 
||s„|| DO leads to a contradiction. Put t„ := ||s„||, cr„ := ^s„. Taking a 
subsequence again, wc may suppose that (t„ converges to an element a G it'^^ 
whose norm will be of course 1. By the polystabihty condition, one has 

y{xo) = lim {fi{e*''xo),-i(T) > , 
so for to sufficiently large it holds 

{liie*°''xo),-ia) > . 
Fix such a to- For all n sufficiently large we will still have 

(M(e*°<^"a;o),-iCT„) > 

Assuming t„ ^ oo, we can find n with the above property such that also t„ > to- 
By the monotony property Remark 1.6 we would get 

< (/u(e*"'^"a;o),-i(T„) = -^-(/i(e'*"a;o), -is„) = --^e„||s„||^ , 

tn tn 

which is obviously a contradiction. 

Now it suffices to note that the limit of a convergent subsequence of (s„)„ will 
be a solution of the equation ^,{e^xo) = 0. ■ 
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1.3 Maximal weight functions for linear and projective 
actions 

The exphcit form of the maximal weight function associated with a hnear or 
projective actions is well known (see for instance [Mul]). We explain below this 
computation for completeness. 



1.3.1 Linear actions 

Let p : G ^ GL{V) be a rational linear representation of a connected reductive 
group G on a finite dimensional complex vector space V. 

Let K he a, maximal compact subgroup of G with a fixed invariant inner 
product on its Lie algebra 6, and let <? be a iT-invariant Hermitian inner product 
on V. One has a standard moment map for the K action which is given by 

l^o{v) = P*{--jV®v*) , 
and any other moment map has the form 

Mr = Mo - «T , 

where r G iz{t). 

Let ^ G it and let V = ®j^iVj be the decomposition of V into eigenspaces of ^. 
In other words = ^jidv^, where are the pairwise distinct eigenvalues 

ofe 

Put 

Let V gV. Decompose v as v — Vj with vj G Vj. 
One gets 

+00 if 3j G {1, . . . , A:} such that 



(r, ^) otherwise 



Suppose for simplicity that ker(/9*) = {0}. 

In this case we conclude that a vector v G V is r-stable if and only if for every 
^Git\ {0} with (r, < one has pr^+ {v) 0. 
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Therefore, the non-stable locus is 

NSr= U Vl (*) 

Let us describe this set in the case when G is a complex torus. Decompose V 
as 

xeR 

where R C Hom(if , K) C is the finite set of weights of the representation p, 

and V^:={veV \ p*{-f){v) = x{l)v V7 e g}. 

For every subset A C R put 

X&A 

Since G is a torus, the space associated with any ^ e it has the form Va for 

some A C R. Define 

Ca ■■= e ie I vl = Va} = e ie I xiO > o Vx g A, xiO > o Vx e J?\^} . 

Note that the sets Ca give a partition of it in pairwise disjoint polyhedral 
convex cones. Using (*) we get 

NSr = U Va, 

CAn{H^\{o})>o^$ 

where H^^ denotes the half-space defined by the inequality (r, ^) > 0. 

Corollary 1.17 Suppose that G is a torus. Then there exists a finite set $x C 
it such that the following conditions become equivalent: 

1. V is T- stable, 

2. A«(v) > 0/or alli& 

Proof: The non-empty intersections Ca H (iJr \ {0}) define a finite partition of 
the pointed half-space H^^ \ {0}. Take a point in every set of this partition. ■ 
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1.3.2 Projective actions 



Let p : G ^ GL(V) be a rational linear representation of a complex reductive 
group G, and let a : G x F{V) P{V) be the induced projective action. 

The Fubini-Study Kahler form on P[V) associated with a Hermitian metric h 
on V is j-ddlog 



|2 = ^ddnog| 



Let K c G he a, maximal compact subgroup which acts isometrically on the 
Hermitian space {V,h). The standard moment map for the ii'-action on F{V) 
is (see [Ki]) 

i VSiv 



2n WvP 



The maximal weight of the Hermitian endomorphism / S Herm(y) with re- 
spect to a vector v G V is defined 

^m{f,v) := maxjA e Spec(/)| prEig(/,A) 

If / is associated with a one parameter subgroup of GL{V) (i. e. it has the form 
di</?(l), where (p : C* ^ GL{V) G Hom(C*, G'L(y))), then all its eigenvalues 
are integers, so in this case X^if,-) takes integer values. In this case we put 
Am(<P,-) := A„(rfi(^(l),-)- Writing 

with V = 0„efl(^) V;f, we see that 

A„((/5, [v]) = max{n G R{^)\ pry-p{v) ^ O} , 

which is just the maximal weight of (p with respect to [v] occurring in the 
algebraic geometric Hilbert criterion. 

Let ^ e it. One has 



A«(H):= hm {ii{p{e*^)v), 



-iS) = — lim 



,P*{0) = 



Therefore, up to a positive constant, ([w]) is just the maximal weight of the 
Hermitian endomorphism (^) with respect to [v] . 

The point is that, for a rational representation p, the analytic (semi)stability 
of a point [v] € ¥{V) can be checked by verifying the corresponding inequality 
only for one-parameter subgroups C* ^ G (see [Ki]). In other words, in this 
case one has 

Analytic Stability = GIT Stability = Symplectic Stability . 
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2 A "universal" complex geometric classifica- 
tion problem 

2.1 Oriented holomorphic pairs 

Let 

1 — >G-U G — >Go — ^ 1 

be an exact sequence of complex reductive Lie groups; the closed normal sub- 
group G of G will be called the symmetry group of the variables and the quotient 
group Go will be called the symmetry group of parameters (see the discussion 
in the Introduction). 

Let X be a connected compact complex manifold, Q a differentiable principal 
G-bundle over X, and set Qq := Q x ^ Go- Let F be a Kahlcr manifold and a 
a holomorphic action of G on i^. Consider the associated bundle 

E ■.= QXqF . 

We fix a holomorphic structure Jo on Qq, and wc denote by Qq the result- 
ing holomorphic bundle. We state the following universal complex geometric 
classification problem: 

Classify the pairs {J,(p), where J is a holomorphic structure on the bundle Q 

which induces Jq on Qq and ip is a J -holomorphic section in E . The classifica- 
tion is considered up to isomorphy defined by the natural action of the complex 
gauge group 

g := AutQ,(Q) = r(X,Q XAda • 

A pair (J, </?) as above will be called a holomorphic pair of type {Q, Jq, a). 

A possible answer to the classification problem above can be given by restrict- 
ing our attention to the subspace of simple pairs. The concept of simple pair 
can be defined in our general framework as follows: 

For any pair (J, (p) we define the space of its infinitesimal automorphisms (its 
infinitesimal stabilizer) by 

fli,^ ■■= e A°{Q x^g) \ Bjv = 0, V* 0^ = 0} , 

where i)* denotes the vertical vector field on E defined by v. 

Definition 2.1 The pair (J, ip) is called simple if Qj ^ = {0} . 

Using non-linear versions of the methods of [LO], [LT] one should be able to 
endow the moduli space of simple holomorphic pairs with the structure of a 



28 



(possibly non-Hausdorff, possibly singular) complex orbifold (see [Su] for the 
case of standard holomorphic pairs). 

A more involved approach to the classification problem is based on the con- 
cept of stability. The data of a Hermitian metric g on X allows us to introduce 
a concept of stability for holomorphic pairs of a fixed type {Q,Jo,q.), and to 
construct the corresponding moduli space of g'-stable pairs. This moduli space 
will be a Hausdorff open subspace in the moduli orbifold of simple pairs. 

Remark: In algebraic geometry and classical complex geometry one avoids 

using differential geometric objects (as is our fixed differentiable bundle Q), so 
it is worth to note that there is a purely complex geometric (algebraic geometric) 
equivalent formulation of our classification problem. 

Fix an algebra morphism c : H*{BG,Z) — > H*{X,Z). Classify the triples 

{Q,L,(p), where Q is a holomorphic G bundle on X with fixed characteristic 
morphism c, l is a holomorphic isomorphism i : QXqGq ^ Qo and ip is a holo- 
morphic section of Qx^F. The classification is considered up to isomorphism 
of holomorphic G-bundles. 

A triple (Q, i, ip) as above will be called a holomorphic triple of type (c, Qo,d). 
The algebraic version can be obtained by replacing everywhere the word "holo- 
morphic" by "algebraic". This terminology was used in [OST]. 

One can prove easily that a "moduli set" of holomorphic triples of a fixed type 
is a discrete disjoint union of "moduli sets" of oriented holomorphic pairs. 

2.2 The stability condition for universal oriented holomor- 
phic pairs 

2.2.1 The degree of a meromorphic L-reduction with respect to an 
ad-invariant linecir form 

Let G be a complex reductive group, and let L be a parabolic subgroup of G. 
When G is connected it follows that L has the form L = G{s), where s € H{G). 
In the general case we will consider only parabolic subgroups of the the form 
G'(.s) so, for us, a parabolic subgroup will always be associated to an element in 
s G F[{G). We know that L fits in the exact sequence 

1 ^ U{L) ^ Z{L) 1 

which is canonically associated with L, i. e. it does not depend on the pre- 
sentation L = G{s). U{L) is just the unipotent radical of L, and Z{L) is the 
canonical reductive quotient of L. 
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Let tp : [ ^ C be an ad-L-invariant linear form. Such a form must be a 
Lie- algebra morphism^, i. e. it must fulfill 

^-([0,6]) = Va, b&\. 

Recall that 

u(L) = u(s) := Eig([s, •], A) , i{L) = 3(5) = z^{s) , 

and that [s,u(s)] = u(s). This shows that V'lu(s) = 0- Therefore, 

Remark 2.2 Any ad l -invariant linear form : I C is induced by an adz(i,)- 
invariant linear form ^{L) C on its canonical reductive quotient. 

Let now Z by any complex reductive group. Let C be a maximal compact 
subgroup of Z and T c C a maximal torus. Consider the root decomposition 

reR\{0} 

of the Lie algebra 3. For any r G R \ {0}, one has obviously 3^ C [t'^,3r]- 
Therefore, 

Remark 2.3 If ip : $ ^ C is an adz -invariant form, then ipl^^ = for every 
r€R\{0}. 

Definition 2.4 An a.d-invariant form tp : ^ ^ C will be called real if for any 
(and hence for every) maximal compact subgroup C of Z, the restriction V'lic 
takes real values. 

Definition 2.5 A non-degenerate ado-invariant symmetric bilinear form 

h: gx Q^C 

will be called invariant complex inner product of Euclidean type if it induces an 
Euclidean inner product on any (and hence on all) subspaces of the form it, 
where t is the Lie algebra of a maximal compact subgroup K. 

In the semisimple case, the Killing form is such an invariant complex inner 
product of Euclidean type. We can always find such an complex inner prod- 
uct by choosing an ad^-invariant real inner product on any subspace it and 

^For a connected Lie group, the converse is also true: a C-valued Lie algebra morphism is 
an ad-invariant form. 
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extending it in a C-bilinear way. However, this notion should be regarded as a 
complex geometric one (which does not require a distinguished maximal com- 
pact subgroup). 

Example: Let h be an invariant complex inner product of Euclidean type on 
0. Any element s G H{G) defines a real ad(5(s)-iiivariant form h{s) : g(s) — > C 
given hy h{s, u). 

Note that the restriction of h to g(s) is not non-degenerate. Its kernel is u(s). 
Indeed, for any u, v & q{s), one has 

h{u,v) = /i(adexp(ta)(w),adexp(ts)(w)) = h{Wi(s){'^)^Wi{s){'")) , 

because adexp(ts)(w) — > prj(g)(u) &s t — > oo. Therefore, the formula for h{s) 
reads 

h{s){u) = h{s,pri(s){u)) , 

which is obviously adG(s)-invariant, because G{s) — > Z{s) is a group morphism, 
h is ad-invariant, and s is ad2(s)-invariant. 

By the Chern Weil theory, any ad^-invariant linear form tp on its Lie algebra 
3 defines a characteristic class c^(W^) in the 2 -cohomology of the base of any 
Z-bundle W. More precisely, if A is a a connection on W, one sets 



For a L-bundle A we put 



DR 



c^(A) := c^(A Xl Z{L)) . 

Definition 2.6 The degree of a Z -bundle W (respectively of a L-bundle A) on 

a compact n- dimensional Kdhler m,anifold {X,g) with respect to the real ad- 
invariant form ip : I ^ <C (respectively ip : ]){L) C) is defined by 

deggiW,^) := {c^{W) U [a;,]""!, [X]) (deg,(A,^) := deg,(A Z{L))) 

In the non-Kahler case, one can still define the degree with respect to V' of a 
holomorphic Z bundle (L-bundle), but the obtained invariant will no longer be 
a topological invariant. One has to use the same strategy as in the well known 
case of line bundles on Gauduchon manifolds. 

Let g be a Gauduchon metric on X and let W be a holomorphic Z'-bundle on 
X. Choose a maximal compact subgroup C of Z, an C-reduction i? of W and 
let Ar its Chern connection (see section 6.1). The point is that, as in the case 
of line bundles, the following important result holds: 



31 



Lemma 2.7 The real closed 2-form tp^-^FA^) is independent of the chosen C- 
reduction R up to a idd- exact form. Therefore, the idd-cohomology class defined 
by iI^{-^Far) depends only on the holomorphic Z -bundle W. 

Proof: Let Rq and R be two C-reductions of W. We can write 

R^e-i{Ra) , 
where s € A°(i?o Xad ic)- By Corollary 6.3, one has 

FA^=FA^^+d{e-^dAn,{en) , 

It is easy to see that 

ij{e-^dAn^en)=d{^is)) . 

This follows easily using Proposition 6.12 and formula (86), taking into account 
Remark 2.3. Therefore 

,P{FA^)=ij{FA^^) + dd^{s) . 



This allows us to define 



Definition 2.8 Let W be a holomorphic Z-bundle, C a holomorphic L-bundle 
on a compact n-dimensional Gauduchon manifold {X,g), and let ip : ^ ^ C 
(respectively ip : i{L) <C) he a real ad-invariant form. Let C be a maximal 
compact subgroup of Z (respectively Z{L)). We define 



cv,(>V) 



lii 



deg(W,V) := {c^{W),u;--') = J V;(^i^^ J A c.,"" ' , 



deg(£,^) :=deg(£ XiZ(i),V) , 
where Aji is the Chern connection of any C -reduction ofW ( of C 0l Z{L)). 



We will need an extension of the degree map to meromorphic L-reductions of 
a holomorphic G-bundle. We begin with the following 
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Definition 2.9 Let L be a parabolic subgroup of a complex reductive group G 
and Q a holomorphic G-principal bundle over a complex manifold X. A mero- 
morphic reduction of G to L is a meromorphic section in the associated bundle 

i. e. a closed reduced irreducible subspace p C Ql which generically projects 
isomorphically onto X via the bundle projection Ql '■ Ql ^ X . 



Since the fibre G/L of Ql is a projective manifold, it follows easily that the 
maximal open subset Xp C X over which p is the graph of a holomorphic section 
is the complement of a Zariski closed subset of codimension at least 2. On Xp 
p defines a holomorphic L- reduction C Q|xp- 

Example: Let Q be a holomorphic GL{r, C)-bundle and £ the associated holo- 
morphic vector bundle. The data of a meromorphic reduction of Q to the 
parabolic group 



L := 



A B 
C 



A e GL{p, C), B G M{p, r-p), C G GL(r - C) 



is equivalent to the data of a rank p subsheaf T d E with torsion free quotient 
H. Such a subsheaf is necessarily reflexive and defines a subbundle on the subset 
X \ Sing(7Y). Given such a subsheaf J^, the corresponding meromorphic section 
p is given by 

P ■= im(/) 

where f : X \ Sing(H) Grp{£) is defined by the holomorphic subbundle 

^U\Sing(Ti) of £\x\Sine(H)- 



Suppose now that Q is a holomorphic G-bundle on the compact Gauduchon 
manifold {X,g), L a parabolic subgroup of G, p C Ql a meromorphic L- 
reduction of Q and tp : i{L) — > C a real ad2(i)-invariant form. We denote 
by qL '■ Ql — > X the natural projection and hy bp : p ^ Ql the inclusion map. 

We claim that the assignment 

Ai'i(Qi)9^^ j ^Agl,(a;r') (10) 

p\Sing(p) 

defines a 99-closed current of bidimension (1, 1) on Ql- Indeed, let $H-^ p any 
desingularization of p. Then the assignment 

A^^\Ql) 3 ^ ^ j{ipO ay{^) A {qL o a)*^-') (") 

9t 
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obviously defines a (99-closed current of bidimension (1,1) on Ql, because ttie 
pull-back (gi, o a)*{Wg~^) is a 99-closed form on the smooth manifold fH. 

But the assignment (11) coincides with (10) - which is independent of the 
dcsingularization a - because p\ Sing(p) is identified via a with an open subset 

of total measure of d\. 

We will denote the current defined by the formulae (10), (11) by q'l{ujg^^)\p. 

Since, by definition, is the base of the holomorphic L-bundle Q ^ Ql^^^ 
can define 

Definition 2.10 

deg(p, V) := (cv,(Q - QL),aL«-')|p) • 

In the presence of a ii'-reduction P c Q of the G-bundle Q, one can give an 
explicit formula for the degree map. 

Note first that the intersection if^ := L n K projects isomorphically onto a 
maximal compact subgroup of Z{L) via the canonical epimorphism L Z[L). 
This follows from formula (94) in Appendix. 

Therefore, P ^ Ql — P/Kl can be regarded as a reduction of the associated 
Z(L)-bundle W := Qxl Z{L) — > Ql to its maximal compact subgroup Kl- 

It is not difficult to express the Chern connection B of the XL-bmidlc P ^ Ql 
in terms of the Chern connection A of the original isT-bundle P ^ X. Denoting 
hy wa, oJb the corresponding connection forms, one has 

'^B = print ('^a) 

where pr[p,{ denotes the projection t ^ ^l defined by the canonical adifi,- 
invariant decomposition 

e = «L e «f , (12) 

where := pr((u(L)). Therefore, on P one can write 

UJA = (^B + a , prt^ilA = ^B + ^P^ti [a A a] , 

where a G A^{P,tj^) is the t;^-componcnt of uja- Regarding the forms in the 
second formula as bundle valued forms on the base Ql one gets 

where o G A^(Qi, P x^^^ J^) is the bundle valued 1-form on Qj;, associated with 
a. 
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Using the definitions above, we get 

deg(p,^) = j i^i^Fn) A ql{iO^-') = J A a;,""' , 

p\Sing(p) Xp 

where p* is the pull-back associated with the holomorphic map Xp ^ Ql defined 
by p. The point is that the form p*{Fb) is just the curvature of the connection 
Ap induced by A on the i^L-subbundle P G P\xp^ whereas Op := p*(a) 

is just the second fundamental form of this subbundle. Therefore we get the 
following 

Proposition 2.11 If g be a Gauduchon metric on X, then 

deggip, V) = y ^i^FAp) A , (13) 

X 

where Ap is the connection induced by the Chern connection A of any K- 
reduction P C Q on the KL-subbundle PP := f] P C P\xp ■ 

Using the canonical decomposition g = 3(L)®3(L)^ obtained by complexifying 
the decomposition (12), one can extend tp in a, natural way to a linear form 
: — > C (which of course is not adc-invariant in general). 

Therefore the degree formula becomes 

A<-\ (14) 

X 

where is the second fundamental form of Qp (1 P in P\xp- 

The degree map can be extended to the case of an arbitrary Hermitian metric 
g in the following way (see [LT] for the case of vector bundles): 

Recall first that the maximum principle holds for the operator P = iAgdd for 
any Hermitian metric g. Consequently, one gets a direct sum decomposition 

C°° (X, M) = M e P(C°° {X, R) ) 

which is L^-orthogonal when g is Gauduchon. Dualizing, we get a direct sum 
decomposition 

V'{X,R) =R® P{V'{X,M.)) 

Using this decomposition, we define the operator Ig : 'D'{X,R) — > M (the gen- 
eralized integral) by 

Igi'P) ■= yolg{X)pi:j^{^) . 

Ig vanishes always on im(P) and coincides with the standard integral when g is 
Gauduchon. 



<iegJp,ip) 
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Remark 2.12 (The Hermitian case) Let g be a Hermitian metric. Replacing 
the usual integral by the operator Ig in the formulae (13), (I4) one gets a well 

defined holomorphic invariant degg{p,ip) for pairs {p,ip) consisting of a real 
a,d-invariant linear form tp on and a meromorphic reduction p of Q to the 
parabolic subgroup L. 

The degree with respect to a Hermitian metric g coincides with the degree with 

respect to the unique Gauduchon metric g' in its conformal class defined by the 
condition J^{g' / g)"~^volg = Volg{X). Therefore, the properties of the degree 
map associated with general Hermitian metrics reduce easily to the Gauduchon 
case. 



2.2.2 Stability, Semistability, Polystability 

Wc come back to our gauge theoretical problem, so consider a differentiable 
principal G-bundle Q on a compact Hermitian manifold {X,g). 

Let a : G X F ^ F he a, holomorphic action, G a closed normal subgroup of 
G. We choose a Kahler structure gp on F, a maximal compact subgroup K of 
G acting isometrically on {F,gp), a maximal compact subgroup K of G which 
contains K, and a -ftT-equivariant moment map jj for the induced if-action. We 
will suppose that the Hamiltonian triple a = {K,gp,n) is energy complete, so 
that it defines a generalized maximal weight function X : F x H{G) ^ MU {oc} 
with the fundamental properties listed in Proposition 1.9 and 1.10. We also 
recall that A depends only on the conjugacy class of a (see section 1.1). 

Let E be the associated bundle E := Q XqF. Consider again Q e H{G) and 
a (^(O-reduction Qf C Q|xp defined on an open subset Xp d X. For points 
X € Xp, e G Ex we put 

A^(e,p) :=XH^,ie)) , 

where Lpq : E^ F is the holomorphic isomorphism defined by an element 
g € Qg. By Proposition 1.10 it follows that the term on the right does not 
depend on the choice of q & Q^. 

We fix an ad-invariant complex inner product h of Euclidean type on q (see 
Definition 2.5). 



Definition 2.13 Fix a holomorphic structure Jq on Qq. A holomorphic pair 
{J,(p) of type {Q,Jo,a) is called a-semistable if, for every ^ G H{G) and for 
every meromorphic reduction p of the holomorphic bundle Qj to G{^) it holds 

27]- r 
^——^degg{p,h{0) + J X^{^,p)volg > . 
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A pair (J, (p) of type {Q, Jo, a) is called a- stable if it is a-semistable and strict 
inequality holds for any ^ G H{G) \ {0}. 



The left hand term in the inequahty in Definition 2.13 will be called the total 
maximal weight of the pair (J, (/?) with respect to the pair p). 

Remark 2.14 In general, the (semi) stability condition depends on the Hermi- 
tian metric g, the Hamiltonian triple a = {K,gp,p) and the invariant complex 
inner product of Euclidean type h. 

Note that, for any g € G, the translation Rg : Q ^ Q defines a biholomor- 
phic diffeomorphism Q/G{'>p) — > Q/G(ad§-i(V')), hence it assigns to a G(V') 

meromorphic reduction p oi Q a G^adg-i^tp)) meromorphic reduction pg. The 
corresponding total maximal weights of a pair (J, (f) coincide, so we get the 
following important 

Remark 2.15 It suffices to check the (semi) stability condition for a single rep- 
resentative in every equivalence class of H{G) modulo the adjoint action ad^ of 
the group G. 

In particular it suffices to check this inequality for any element tp € iC, where 
C C t is a closed Weyl chamber in the Lie algebra i of a maximal torus of a 
maximal compact subgroup K c G. 

We recall that a Lie subalgebra b C g is called reductive if it is the complexi- 
fication of the Lie algebra of a compact subgroup of G. 

Definition 2.16 Let Q be a G-bundle on a connected compact complex manifold 
X. A finite dimensional Lie subalgebra u C A°{Q XadS) will be called reductive 
if there exists a reductive Lie subalgebra b C g and a ZQ{b) -reduction Z ^ Q 
of Q such that u is the image of b via the obvious morphism 

b ^ A''{Z Xad b) ^ Xad 0) = A'^iQ Xad 0) . 

Such a reduction gives an isomorphism — ^ : b — > u. Note that the reduction 
Z can be recovered from the isomorphism b^, because 

Z = {qGQ\bz{q) = bybGb} . (15) 

In particular one has 

Remark 2.17 If Q is a holomorphic G-bundle on X and u C II^{X, QxadS) is 
a reductive Lie subalgebra consisting of holomorphic sections, then any Z^(b)- 
reduction Z c Q which induces an isomorphism b — > u i5 holomorphic. 
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Definition 2.18 A pair (J, (p) of type {Q, Jo, a) is called a- volystable if: 

1. its infinitesimal stabilizer Qj ^ is a reductive subalgebra of A°{Q Xad fl), 

2. it is a-semistable and the equality 

2tt f 
j^—-^degg{p,h{^)) + J X^{ip,p)volg =0 

in the semistability condition holds when and only when p is induced by a 
global holomoryhic Zq{^) -reduction Z(^) ^ Qj, and the section 

defined by ^ via this reduction belongs to the infinitesimal stabilizer Qj ^ . 

Definition 2.19 Let z{q,G) C z{g) be the centralizer of G in g, i. e. the 

subalgebra consisting of those elements of q which are fixed under the adjoint 
G-action. In other words, z{q,G) is the Lie algebra of Z{G,G) := Gr\Z{G). 

When G is connected, one has z{q,G) = z{g). Note that z{g,G) can always 

be identified with a finite dimensional abclian subalgebra of A'^{Q Xad q)- For 
pairs {J, if) with infinitesimal stabilizer contained in z{g,G) the polystability 
condition becomes: 

Remark 2.20 Let {3 = (J, ip) be a pair with infinitesimal stabilizer gp contained 
in z{g, G). Then /3 is polystable if and only if it is semistable and the inequality 
in the semistability condition is strict unless ^ € H{G) fl g^, in which case one 
must have G{C) =G, Qf~ = Q.j. 

We show now that, by a suitable reduction of the structure group of the 
bundle, one can reduce the study of any polystable pair (3 = (J, <p) to the case 
0/3 C z{q,G) (compare with Step 1 in the proof of Theorem 1.15 in the finite 
dimensional framework). 

Let /? be a cr-polystable pair, b C a reductive subalgebra and Z (Z Q & 
ZQ(b)-reduction of Q such that the infinitesimal stabilizer 0^ is identified with 
b via this reduction (see Definition 2.16). Put 

G' := Zg(b) , G' := Zcib) =G'nG, G'o := ^'/q, C Gq , a' := a\^,^p . 

By Remark 2.17 it follows that Z is a holomorphic reduction of Qj; we denote 
by J' the induced holomorphic structure. 
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Put Zq := Z Xq, Gq, and note that Zq is a holomorphic Gg-subbundle of Qo, 
so it has an induced holomorphic structure Jg. 

The restriction of the maximal weight function A : H{G) x — > R U {00} 
to H(G') X ^ R U {00} is the maximal weight function A' of a suitable 
Hamiltonian triple {K',g',iJ,') for the restricted action a' := a\p~^Qi, where n' 
is equivariant with respect to a maximal compact subgroup K' D K' of G' . 

Proposition 2.21 If (3 = {J, f ) is a-polystable, then the associated pair P' := 
(J', (fi) is a a' -polystable pair of type {Z, Jq, a'). The infinitesimal stabilizer q'^, 
of this pair is bd Zg{b) = z{b) which is contained in the centralizer z{q', &). 

Proof: Consider the holomorphic bundles Q := Qj, Z := Zj, defined by the 
holomorphic structures J, J'. It is easy to see that {J',ip) is u'-semistable 
because, for any s G H{G') any meromorphic G"(s)-rcduction p' of Z extends 
to a meromorphic G(s)-reduction p of Q, and the two total maximal weights 
coincide. 

The delicate part is the fact that is tr'-polystable. Let p' be a meromorphic 
G'(s)-rcduction of Z such that the corresponding total maximal weight vanishes, 
and let p be the associated G(s)-reduction of Q. We know that p is induced by a 
global holomorphic Zg(s)-reduction Z{s) C Q such that the section ct := s^,-^ 
defined by s via this reduction belongs to the infinitesimal stabilizer Q/j. We 
claim that, under these assumptions, one has 

1. s coincides with the element 6 e b defined by the equality a = b£. 

2. G'(s) = G', in particular the meromorphic reduction p' is just Z ^ Z. 

In order to prove this, note first that 

= {g e Q| a[q) ^ s\ . (16) 

On the other hand, Z{s)\xp C Q'' C Z\xp ■ G(s), because, by construction, Qp 
is the G(s)-saturation of a G'(s)-bundle contained in Z. Since Xp is dense, the 
inclusion Z{s) C Z ■ G{s) holds on whole X. Therefore, any q e Z{s) has the 
form zg with z G Z and g € G(s). We get, for any q e Z{s) 

s = a{q) = a{zg) = adg-i(<T(^)) = adg-i(6) , 

where 6 e b is the element which corresponds to a € flj ^ via the reduction Z. 

Therefore b = adg(s) with g e G(s). Now recall that ad^^^^(s) = s + u(s). 
But b e Zg{s) (because s G z^{b)). We get b = s. The second statement follows 
from the first. ■ 
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3 Hermitian-Einstein pairs 



3.1 The Hermitian-Einstein equation 

Choose a maximal compact subgroup K oi G and a maximal compact subgroup 
K of G which contains K. Let P C Q be a ^-reduction of Q, and let Pq be 

the bundle associated with P with structure group Kq := Consider the 

(unique) integrable connection Aq G A^'^{Po) which corresponds to Jq via the 
Chern correspondence. Using the Chern correspondence (see section 6.1), our 
classification problem associated with the complex data {Q, Jq, a) can be refor- 
mulated as follows: 

Classify the pairs {A,ip), where A is an integrable connection on P luhich in- 
duces a fixed integrable connection Aq on Pq, and (fi is a J A-holomorphic section 
in the associated bundle E = P F. The classification is considered up to 
isomorphy defined by the action of the complex gauge group 

g:=r{X,PxAd^ G)=AutQ„(Q) . 

This action is induced - via the Chern correspondence - by the Q-action on the 
space of holomorphic pairs. 

A pair {A, tp) as above will be called an integrable pair of type {P, ^0,0;). 

Note that, formally, Q can be regarded as the complexification of the real 
gauge group 

/C := r(X,P XAd^ K) = Aut p„(P) . 

We denote by Aao{P) the space of connections on P which induce ^0 on Pq. 

Recall that we have fixed an ad-invariant complex inner product of Euclidean 
type h on Q (see Definition 2.5). This inner product defines an orthogonal 
projection pr^j : it ^ it which induces a bundle projection 

P Xad it > P Xad it 

which will be denoted by the same symbol. 

Using the inner product defined by h to t, we can view as a map with values 
in t. 

Definition 3.1 An pair {A, cp) of type (P, Aq, a) is called ^-Hermitian-Einstein 
if it is integrable and solves the equation 

V^^[^KgF^]+^^i{^)=Q , (HE) 
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which will be called the generalized Hermitian- Einstein equation associated with 
the data {P,Ao,a,iJ.,g). 

Let {J, (/?) be a holomorphic pair of type {Q, Jo,a). A K -reduction PofQ will 
be called fx-Hermitian-Einstein if the associated pair {Ap j,ip) is fi-Hermitian- 
Einstein. 

Here we denoted hy Ap j the Chern connection of the pair (P, J) (see section 
6.1). 

Note that this equation is ^-invariant, so that one can consider the moduli 
space of solutions 

_^HE [AA,{P)xV{E)f^i^ 

where [Aao{P) x T{E)\^'^ C [^Ao(-P) x T{E)\ is the subspace of (integrable) 
pairs satisfying the equation (HE). 

Note that any section v G T{X, Q g) induces a section in the vertical 
tangent bundle Ve oi E. 

Definition 3.2 A pair {A,(p) of type {P,Ao,a) is called irreducible if its in- 
finitesimal stabilizer 

\a,v) ■= ^ *)l = 0, v*o^ = 0} 

(which is a sub-Lie-algebra of A°{P Xadt)) vanishes. 

3.2 Pairs which allow Hermitian-Einstein reductions are 
polystable 

We come back to the assumptions and notations of section 2.2.2. The aim of 
this section is to prove the following 

Theorem 3.3 Let ( J, ip) be a holomorphic pair of type (Q, Jo, a). Suppose that 
there exists a K-reduction P (Z Q such that the associated pair {Apj,(p) is 

H-Hermitian-Einstein. Then {J,(p) is a-polystable, and it is stable if only if 
{Ap J, If) is irreducible. 

Proof: 

We will assume that g is Gauduchon (see Remark 2.12). We check first the 
inequality in the definition of cr-scmistability. By Remark 2.15 it suffices to 
check this inequality for elements ^ £ it. 
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Let p be a meromorphic reduction of Q to G(^), and put P'' := Q'' fl P. The 
inclusion u : PP ^ P\xp defines a reduction of the bundle P\xp to the subgroup 
k{£,) := G{^) nK ofK. It is easy to see that 

Therefore ^ is invariant under the structure group of P'', so it defines a section 
Put A := Ap j. We get 

= / (P^it [i^gFA] + if^{'P)^s{p, 0) volg = 

JXf, 

= {^^gPA^s{p,^))volg+ in{(p){s{p,i))volg . 

JXp JXp 

Recall now that the functions 1 /z^(e'^) involved in the definition of A are 
monotonely increasing, so that, in every point x G Xp we get 

This shows that 

ip{ip){s{p,0)volg < J \'^P^^\ip)vOlg = j \^{^)vOlg , 

Xp Xp 

with equality if and only ii s{p,^)'^ o (p — Q over Xp. 
The adjoint bundle P x ad 6 = -P'' x ad 6 of P spUts as 

p^ xad e = ad(PO e [p^ xad to' 

The connection A on P induces a connection Ap on PP whose horizontal space 
at a point p G P'' is the intersection 

where ^ stands here for the yl-horizontal space. The connection form of this 
connection is 

'^Ap=P''ad{PP)''*i'^A) 

The difference a := A — L^{Ap) is a section of the subbundle P^ Xad [6(0]''" of 
ad(P) (the second fundamental form of the subbundle P^ of P with respect to 
the connection A). 
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Decompose the Lie algebra g as 

= 0+ e 0- e 00 
where 0± is direct sum of the eigenspaces of the endomorphism 

K,-]eEnd(0) 

corresponding to the positive (negative) eigenvalues, and 0o = ker[^, •]. Note 
that 

00 = mf, 0- ® go = g(0. fl+ = m)]^ , 0+ = 0- (1) 

where the conjugation in the last formula is taken with respect to the real 
structure = il (g) C on 0. 

Therefore, the second fundamental form a decomposes as 

a = + a~ 
where a± e A^{X,PP Xad 0±) and 



a = —a^ 



(17) 



But g+ = 



G/ 



and on Xg 



P" Xad g+ = g" Xad g+ = P* ^ Xg 



G 



(where denotes as usually the vertical tangent bundle of a fibration). There- 
fore the holomorphy of p is equivalent to the condition 



(compare with Proposition 6.27). Write 



a= ^ ax 

AeSpec[€,-] 
AeSpec±[€,-] 



(18) 



so that 



and take into account that 

[Eig([^,.],A),Eig([C,-],M)] cEig([C,-],A + M) , 



Eig([^,.],A)=Eig([C,-],-A) . 
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By (17), (18) it follows that 

prj^ [o A a] = [ax A U-x] + ^ [ax A a- a] = 

AeSpec+[C,-] AeSpoc-[{,-] 

= -2 [«AAaA], (19) 

AeSpec+K,-] 

where [• A •] is the (symmetric) bilinear multiplication obtained by multiplying 
the Lie algebra bracket with the wedge product on 1-forms: 

[uAv]{x,y) := [u{x),v{y)] - [u{y),v{x)] . 
Comparing the curvatures of the two connections A, Ap, we get 

P%FA = FA,+P%lW^a] . (20) 
But, since (•, •) is ad-invariant, we get for any u,v G g with u G Eig([^, •], A) 

(}u,v],Cl'' = -{v, [u,^]f = {[C,u],vf = X{u,vf . (21) 
Therefore, by the degree formula given in Proposition 2.11, one obtains 

/ (iA,F^, s{p, 0)) vol, = -^deg(p, hiO) - E ^ II lli= ' (^2) 

X, ^ '' AeSpec+K,.] 

hence ^^^^y deg{p, h{^)) > {ih.gF^, s{p,£))volg with equality if and only if 

a = 0, i. c. if and only if the connection A reduces to a -Rr(^)-connection, which 
implies that s{p,S^) is an A-parallcl section of P Xad 

Therefore we have shown that {A, (p) is cr-semistable, and that, for ^ e it, one 
has 

27r 



(n-1) 

if and only if p is induced by an A-parallel _ftr(^)-rcduction of P and the associ- 
ated section s{p,^) G A" (P x «6) belongs to ^ , where C A°{P x^^t) is 

the infinitesimal stabilizer algebra of the pair {A, ip) with respect to the action 
of the real gauge group /C := T{P x Ad K). But an A-parallcl _ft'(^)-rcduction of 
P defines a holomorphic Zg(^) -reduction of Qj. Therefore, the last condition 
in the definition of polystability is verified. 

Using the same method as in the proof of Proposition 1.3 [Te3] one can easily 
check, using the maximum principle for the operator P = iAdd, that 

3u = h,^^<^ 
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(compare with Theorem 2.2.1 in [LT]). Taking into account that the elements 
of ^ are yl-parallel sections, we get an yl-parallel reduction of P to Zj^{c), 
where c C ? is a subalgebra of t isomorphic to 6^ ^- This gives a holomorphic 

.^q(c® C)-reduction of Qj, so that flj ^ is a reductive subalgebra of A°{Q x^dQ) 
in the sense of Definition 2.16, which proves the first condition in the definition 
of polystability. ■ 

Remark 3.4 The proof of the theorem shows that, for a Hermitian- Einstein 
pair {A,(p), the following conditions are equivalent: 

1. [A, If) is irreducible. 

2. The associated holomorphic pair (J, if) is simple. 

4 Polystable pairs allow Hermitian— Einstein re- 
ductions 

Definition 4.1 We will denote by TZ{Q) the space of all K -reductions of Q 
and, for a fixed K^-reduction Pq of Qq, we will denote by TZpg{Q) the space of 
all K -reductions of Q which project onto Pq . 

Our final purpose is the following theorem: 

Theorem 4.2 Let ( J, ip) be a a-polystable pair of type (Q, Qo, a)- For any Kq- 
reduction Pq of Qo there exists a reduction P £ TZp^ {Q) which is jjL- Hermitian- 
Einstein. 

In the proof, which will be completed at the and of section 4, we will assume 
again for simplicity that g ]s & Gauduchon metric; the statement is true for a 
general Hermitian metric (see Remark 2.12). 

4.1 The perturbed equation 

Let [J,^) be a tr-polystable pair of type (Q, Jo); and let Pq be a fixed Kq- 

rcduction of Qo- We seek a iC-rcduction P C Q which projects on Pq such that 
the pair {Ap j, (f) satisfies the HE equation (see Definition 3.1)), where Ap j is 

the Chern connection of the pair {P, J). 
By Proposition 2.21 we may suppose that 



45 



Assumption: The infinitesimal stabilizer of the polystable pair j3 = (J, ip) 
is contained in the centralizer z{q,G). 

This assumption has the following important consequence: 

Remark 4.3 // this assumption is satisfied, the infinitesimal stabilizer of jS 

iff :=0/3nA°(PXade) 

with respect to the action of the real gauge group K :— T{X,P XAd K) is in- 
dependent of the K-reduction P, and it can be identified with a subalgebra of 
z{i,K). Moreover, for any K-reduction P of Q, one has 

Q0 = [Qpf^A\P'' Xj^t)]®C = tp®C . (23) 

Indeed, one has 

Q0 n ^0(po e) = n z{q, G) n a\p x^ «) 

The connected component of e in the stabilizer 

G0^g :=r((5 XAd G) 

of /3 is a conncctcxi closed complex subgroup of Q with Lie algebra C z{q, G), 
so it is contained in the connected component Z{G, G)° of e in the intersection 
Z{G, G):=Gn Z{G). 

Now it is easy to see that, for every connected closed complex subgroup H of 
a complex torus ©, one has f) = [[) fl t] (g) C, where t is the Lie algebra of the 
unique maximal compact subgroup T of 6. 

Therefore, in our case one gets 

0/3 = [0/3 n z{t, K)](3C = [0/3 n A°{P° X ^ «)] c . 



= Q^nz{t,K) . 



We fix a if- reduction P G TZp^ (Q) and seek a solution P c Q of our problem 
of the form 

Ps = e-HP) , 

where s G j4''(P Xad Put h := e/ . The now (pointwisc) moment map 
/X : r(Q Xa P) — + A^[Ps Xad associated with the reduction Pg is given by the 
formula 

= ad^-i(/i(e5(p)) , (24) 
where is the moment map with respect to the initial reduction P. 
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Denote by A" the Chern connection of the pair {P, J). The Hermitian- Einstein 
equation (Definition 3.1) becomes 

pr,e [iAg{FAo + d{e-'do{e')))] + iad^-| (^(e^^)) = , (25) 

or, equivalently, 

pr,j ad^j [iAg{Fj,o + d{e-'do{e')))] + i(/i(et(^)) = . (26) 

Our perturbed equation is 

pr,( [iAg{FAo + d{e-'do{e'))] + i&d^-i {n{e^^)) +es = 0, (27) 
which, since s is ad^j - invariant, is equivalent to 

ad^jpr.j [iAgiF^o + d{e-'do{en))] + i{^iiei^)) +es = 0. (28) 

Proposition 4.4 There exists a K -reduction P G 7?.p„ [Q) such that, denoting 
by AP the corresponding Chern connection Ap j, one has: 

A. 

B. Equation (27) has a solution C € A°(P° Xad i^'^) for s = 1. 
Proof: 

Step 1. We start with an arbitrary reduction P^ G TZpq{Q), and we seek a 
smooth function v G C°°(X, it/}) C C°°{X, iz{i}) such that the Chern connection 
A^ := Ap2 J associated with the reduction := e~^(P^) satisfies (29). 

By Proposition 6.2, Corollary 6.3 one has 

A^ := A^+dv , F^, := F^, + ddv . 

The new moment map with respect to the reduction is given by 
M2(<^) = ad^-^ Mi(e^v) = MiM , 

because v is central and belongs pointwise to the infinitesimal stabilizer of if. 
Therefore (29) becomes 

P^AO{x,ite) [«AgP^i] + il^iiv)] + iAddv = . (30) 
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On the other hand, applying the polystabihty condition to central elements of 
the form u G itp one gets that 

(prj([iAgi^^i] + ifii{Lp),u)L2 = Vu G itp (31) 

(compare with Remark 1.12 in the finite dimensional framework). This implies 
that the Laplace equation (30) has solutions, so we get a reduction with the 
desired property. 

Step 2. 

Put 

and P := eA{P^). By Step 1 it follows that C e A"{P^ Xad itj). Since 
commutes with one can also regard ( as an element of A° {P x ad «t) which 
will be also pointwise orthogonal to tf}. By Corollary 6.3 and (24) one has 

-C = W^t [^^aiFAA + ^iMf)) 

= Pht [«Ag(P40 +a(e-^ao(e«)))] +iad^_|(/io(e^V')) , 
which shows that, with these choices, B holds. ■ 



4.2 A priori estimates for the solution 
Lemma 4.5 Fix a K-reduction P as in Proposition 4-4- Let 

se^°(PXadie^) 

he a section solving the equation 

ad^jpr^e [iAg(F^o + 5(e~"(9o(e")))] + iiJL{e^ ^) + es = . (e^) 

Put 

A;° := pr^e [iKg{FAo] + in{(p) . 

Then one has: 

1. i-P(|s|2)+£.|s|2<|fc0i-|s| ; 

2. m := supjjf |s| < | • supjjf Ifc"] ; 

3. m < C ■ {\\s\\i^2 +snpx\k°\)^ where the constant C only depends on g and 
the fixed K-reduction P. 
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Proof: Taking the pointwise inner product with respect to P of both sides of 
(ee) with s, one gets 

(pr,j[«A3F^o],s) + (iAga(e-^5o(e^))),s) +2^-*t(etv5) +e|sr = . (32) 

On the other hand, note that 

jjL-^i {e^if) = {^p) + et {^p) , 

where t^if) is the R>o-valued function which maps every x & X to the energy 
of the curve [0, 1] 9 f e^ip{x) e F^. 

Therefore, 

{iAgdie-^do{en)),s)+e\sf = - (pr,j[zA,(i^^o], s) - 2^^-'^eiip) < 

- {pT,^[iAgFAo],s) - 2n-'i{^) = - {w^t[i^gFAo] + if^i^), s) = s) . (33) 

We introduce now the real analytic function rj -.R^ R>o defined by 




— if t^O 
if t = 



(see section 6.4). We use the formalism explained in section 6.4. By Proposition 
6.16 the inequality (33) becomes 

ip(|5|2) + \rj{[s, •])(ao(5))p + e\s\' < -{k°, s) . (34) 
This proves the claim. 

2. follows from 1. by the Maximum Principle. 

3. Prom 1. we deduce 

Pdsp) < 2 • < + \kX < + sup|A;T , 

X 

so, since sup^j^ is a constant. Lemma 3.3.2 [LT] implies 

m <C-{\\ |s|2||^,+sup;,ifc0|2) =C-(||s||2,+sup;,|sO|2) 

<C-(||s|U2+SUP;,|fcO|)' . 



49 



4.3 Solving the equation (cg) for e e (0, 1]. 

Let 

l{e, s) := ad^ipr^j [iAg(F4o + die'" doie")))] + iiJ-{eiip) + es 
be the left hand term of the equation (cg). 

We state first the following regularity result: Choose p S N such that the 
Sobolev space is an algebra for > 1. 

Lemma 4.6 Let s G L2{P Xad such that l{e, s) = for some £ G R. Then 



Proof: Recall first that, by Proposition 6.4, one has 

Bd^i{FAo+d{e-'do{en))=FA, , 



(35) 



where As := e i{A^ + e *9o(e*)) e A{P). The components of the linear 
connection defined by Ag on the bundle -P x ad are 

Ba, = ad^j o Bao o ad^- j , Oa, = ad^- j o Oao o ad^ j , (36) 

which can be rewritten as 

dA^=d- d{ei)e-i , Oa, = do + e-ido{ei) . 

Here the forms d{ei)e~i , e~ido{ei) operate on P Xad £1 via the adjoint repre- 
sentation a [a, ■]. On the other hand, by formulae (88), (89) in the Appendix, 
these forms can be expressed in terms of Bs, dos as 

a(ei)e-t = [|,-]) ids) , e-ido{ei) = {dos) , (37) 

where is the positive real analytic function 

' I 1 if t = . 



Let ^1/ : P Xad ^ Herm(P Xad fl) be the (non-linear!) real analytic bundle 
map defined by 



We get 

dA,=B- ^{-s){Bs) , dA, =do + *(s)(5os) . 
This gives for the (1,1) curvature form of Ag 

Fa, = Fao + dAo {^{s){dos) - *(-s)(5s)) + 



(38) 
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+ (*Gs)(aos) - ^i-s)ids)) A (*Gs)(9os) - *(-s)(as)) = 
= 2'^{s)iddos) + (1 - *(-s))(F^o) + A dos - ao(*(-s)) A Bs 

-^(s){dos) A *(-s)(9s) - *(-s)(as) A *(s)(9os) . (39) 
Therefore the equation (eg) is equivalent to an equation of the form 

iAddos = T{e, s, d^o (s)) . 

The left composition lemma applies on the right, more precisely, ^(e, s, dj^a(s)) 
belongs to L^_i when s belongs to L^. The result follows by standard boot- 
strapping. ■ 

The left composition lemma gives also the following 

Remark 4.7 The map I extends to a differentiable map 

l:Rx LP{P Xad ilj) ^ LP{P x^d ^^^) • 

Lemma 4.8 Suppose that l{e, s) = with s G A^{P Xad «^^) and £ > 0. Then 
the partial derivative 

^l(e, s) : Ll{P Xad itf) ^ L^iP Xad itf) 
is an invertible operator. 

Proof: 

For s e mP Xadi£^), put 

u := {ds exp)(|) e-i e P {itj (g) C) . 
The components of u in P x ad and P x ad 6^ are respectively 
Uh = ^{u + ad^-iu) , Ua = ^{u - ad^- ju) . 

One has 

d d 
(^PaJ(s) = dAA-Q-^As) = dA, (^^^(ad^-f m) - Oa^u) = 

-dA,dA,u + dA,dA,{ad^-§u) = [ua,FA,] + {dA.dA, - dA,dAj{uh) • 
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On the other hand, the same computation as in the finite dimensional framework 
(see the proof of Proposition 1.15) give 

d 

= c^M([«*]ef ^) + K,«M(e'<^)] • 

Therefore 

d 

—l{e, s){s) = 

iAg{dA,dA, - dA^Ajiuh) + diin){[ut]^^ ^) + [uaJie, s) - es] + es . (40) 

Recall the following well-known identity which holds for any unitary integrable 
connection S on a Hermitian vector bundle: 

P{\v\'') ■.= iAgdd\v\^ = {iKgdedBV^v) ~ {v,iKgdBdBv) - \dB{v)\^ • 

In our case, using the Euclidean inner product on P Xad i^, this yields 

P\uh\^ = {iKg{dA,dA, - dA,dAjuh,Uh) - \dAAuh)f ■ (41) 

Therefore, for a pair (e, s) with l{e, s) = 0, and using the well known formulae 
obtained in the finite dimensional case, we get 

-^l{e,s){s),Uh^ = \\dA,Uh\\l2 + \\[ut]jj'^ - e{[ua,s],Uh) +2e{^,Uh) 

> lm\h (42) 

by Proposition 6.10 in the Appendix. This proves that ■^l{s,s) is an injective 
operator. It suffices to notice that its index vanishes. ■ 



Lemma 4.9 There is a positive constant C = C{A^, tp) such that the following 
estimate holds: 

CMl. < WBaovWI. + \\V*\\1. yv e A\P Xad {itj ® Q) . 
Proof: If not, there would exist a sequence (w„)„ with ||wn|li2 = 1 such that 

\\dAOVn\\h + \\{Vn)*\\h^0 
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But this implies that Vn has a subsequence which is weakly convergent in Lf and 
strongly convergent in L^. The limit, say vo, satisfies dAo{vo) = 0, hence it is 
smooth. Noting that (•)* can be regarded as a smooth linear bundle morphism 

one gets 

Baovo = , {vo)* = . 
Therefore, by Remark 4.3, one has Wo € 0/3 = 6/3 ® C. But this contradicts 

woe AO(PXad(««^®C)). ■ 

Note that this lemma holds for any holomorphic pair /3 and iC-reduction P 
such that the relation fl/j = 4/3 C between its infinitesimal stabilizers holds. 

For any s e Xad {i^j)) Put 

rUs := sup \s\ . 

X 

Corollary 4.10 There exists a positive constant C{A^, (p^rus) such that for all 
s e A°{P Xad {i^j)) and w € A°{P Xad {Hj ® C)) it holds 

C{A°,<p,m,)Ml. < \\dAM\h + IIMfi 11' • 

e 2 

Proof: Defining v := a,d^-^w one has 

Oa^w = ad^s{dAov) , [w]*^^ = {e^)*,^{v*) ■ 
But one has estimates of the form 

\\ad,iidAov)\\h > C'imMdAov)\\h , Il(e4).,^«)||i. > C"{^,mMv*)\\h 

\\v\\l2>C"'{m,)\\w\\l.. 
It suffices to apply the previous lemma. ■ 



Let (se)e be a smooth family in A^{P Xad such that for all e it holds 
l{s,Se) = 0. Put 

d s _s . d 
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Lemma 4.11 One has an estimate of the form 



sup|«;,| < C(m,) . (43) 

X 

Proof: By (40) one gets 

0=llie,s.) = 

iKg{dA,dA, -dA,dA,){uh)+d{iij){[uf]^^^)-e[ua,s]+£s + s . (44) 

Taking this time inner product with Uh pointwise and using again (41) and 
the inequaUties in Proposition 6.10, one gets 

= P{\Uh\^) + \dA,Uh\'^ + l['"*]ef (pl^ ~ s\,Uh) + e(s, Uh){s, Uh) + (S, Uh) > 

P{\uh\') + \dAM' + \[u*li/ + {s,uh) . (45) 
Integrating over X one gets 

WdA^UhWh + \\{4Ujh < \\4L4uh\\L^ < ^JVolgiX) msWuhh^ , 

whereas the term on the left is larger than C{A° ,(p,ms)\\uh\\'j;^2 by Corollary 
4.10. This gives an L^-estimato of the form 

Wuhh^ <Ci{Ao,(p,ms) . (46) 
Coming back to (45) we see that 

PiM) < -{s,Uh) < \s\\uh\ < ^iluhl^+ml) . 
Using now Lemma 3.3.2 in [LT] and (46), one gets an estimate of the form 

sup(|w^n < C{g){\\uh\\h + l-ml) < C{g, A°,^, m,) . (47) 
X ^ 



Using again the formulae (38) we get 

Qa^a, - dA.dA, = ddo -doB 
-*(-s)(9s)A5o-*(-s)(5s)A*(s)(aos)-*(s)(aos)A5+*(s)(aos)A*(-s)(as) 
+^{s){ddos) + ^{-s){dods) + ao(*(-s)) A as + d{^{s)) A dos . (48) 
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We plug the identity (48) in (44) and use standard elliptic - estimates for 
the operator iAg{ddQ — dod). 

Note first that, since ^' is of class C^, one has an estimate of the form 

\dA«{^{m<C{m,)\d^os\ . 
Recalling that, by (43), sup^ \ufi\ is bounded by a constant C(ms)) we obtain 
\\uh\\^ < c(m,)(l + ||s||i2,||uft||^2p + + ||s||i.)+ 

+ \\d{in)i[u*]^^^)^e[ua,s]+ss + s\\Lp . (49) 

On the other hand, by the formulae obtained in the proof of Proposition 6.10, 
one can express s in terms of Uh as 



([|,-])K) 



s = 2e\ 

where this time 0{t) = ^tl\-t ■ Since the bundle map P Xad«6 — > Herm(P Xadfl) 
given by a I— > 2^ ( [|, •] ) is of class C^, one gets estimates of the form 

|s| < c{ms)\uh\ , < c(ms) II u/j II i| , 

in particular, from (43) we deduce 

sup jsj < c(tos) . (50) 

X 

Expressing Uh and Ua similarly in terms of s, one gets 

\ua\ < c{ms)\s\ , ||w/(||j;,2p < c(ms) II s II j;_2p . 

Note finally that (since ut and s are bounded in terms of vris) [uf^J^j re- 
mains in a compact subset K{ip,ms) of the vertical tangent bundle T^®'"*(£^). 
Therefore, one gets 

sup|d(i/i)([u*]^l^)| < c{ms) . 
Summarizing, we obtain an estimate of the form 

Mli < c(m,) (l + ||s||i2.||s||^2. + \\s\\l., + \\s\\l.) . (51) 

Using the general inequality 

||a;||i2p < C ■ (sup \x\ • \\x\\l, + \\x\\l2p , (52) 
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([Au] Theorem 3.69; the constant C depends only on p and the dimension of 
X) and (50) one proceeds as in the proof of [LT] Proposition 3.3.5 to obtain an 
inequality of the form 

<c(m«)(l + ||s||iP) . (53) 
Integrating from e to 1 this yields (compare with [LT], Proposition 3.3.5) 

Proposition 4.12 Let (sg)^^^^^ ]^] be a smooth family in A^{P Xad ifi^) such 
that for all e it holds l{e, s^) = 0. Then one has an estim,ate of the form 

Mli < e'=('"-)(i-)(l + ||5i|U.) V£ e (£0, 1] . (54) 

We know that the equation l{-, 1) = has a smooth solution Q (Proposition 
4.4). Consider the set 

S:={5: (£„ 1] A\P x,d < < 1, l{e,B{e)) = , 5(1) = C} • 

S is nonempty by Lemma 4.8, implicit function theorem and Lemma 4.6. 

Writing Si < S2 when e^.^ < e^^ and Si = S2|(es^.i]: S becomes an inductively 
ordered set, hence there is a maximal element in S. 

Proposition 4.13 

1. Let s : (£s, 1] — » A^{P Xad i6^) € S and put ■= s{e). If 

SUp{||s^||l,2| S e (£s,l]} < 00 , 

then the strong limit lime^e^ Se exists in Lj; '^'^'^ smooth solution of the 
equation /(e^, •) = 0. 

2. For any maximal element s G S, one has = 0. 
Proof: 

1. By assumption and the third statement in Lemma 4.5 one gets an uniform 
bound 

= sup |se| < M , V e e (e^, 1] • (55) 

X 

Therefore, the family (sg)gg(-g__ is bounded in L2 by Proposition 4.12. Using 
now the inequality (53), we see that -^s^ is also bounded in hence the map 
s : (es, 1] ^ -^K-^ ^ad 0^0) is Lipschitz. Therefore one has a strong hmit 

s = lim Ss , 
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which will be a solution of the equation i(es, •) = by Remark 4.7, and will be 
smooth by Lemma 4.6. 

2. If Es > 0, the second statement of Lemma 4.5 gives an uniform bound of the 

form (55) . Therefore, the first part of this proposition applies and gives a strong 
L2 - limit s = lime_>e^ which is smooth and solves the equation /(e<i, •) = 0. 

Using Lemma 4.8 and the implicit function theorem we get a smooth extension 
of s on a larger interval, contradicting maximality. ■ 

This gives immediately the following crucial result: 
Theorem 4.14 

1. There exists a smooth family (s£)£g(o,i] with l{e,s^) = 0. 

2. //sup{||s£||/,2| £ G (0, 1]} < 00, then converges strongly in Li^ to a smooth 
solution s of the equation (25) as e — > 0. 

Therefore, when sup{||se||i2| e G (0,1]} < 00, one gets a Hermitian-Einstein 
reduction := e-*(P) G Tlp^iQ). 

4.4 Destabilizing the pair in the unbounded case 

4.4.1 Estimates in the unbounded case 

Let (se)eg(o.i] be the smooth family given by Theorem 4.14. Our first aim is to 
get a uniform - bound for the L^-normed section 




By the third statement of Lemma 4.5, we get uniform bounds 



sup|c7^| < M , sup{|A| I A e Spec([((T^)^,-])} < M 



(56) 



X xex 



for all £ > for which ||se||L2 > 1. 



Remark 4.15 Fix a G (0, 1). Then, for any u gR, n > one has 



1. 




an\u\ if nu > log(Q;) 
(1 — a) if nu < log(a) . 
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2. Supposing \u\ < M , we get 

|e"" - 11 > mm i na 



1 - a 
M 



\u\ , Vue [-M,M] . 



3. Choosing a= ^, we get 
(a) 



(b) 



|e"" - 1| > , Vn > ^ , V « e [-M,M] . 



^ < nrj\nu) , Vn > ^ , V w e [-M,M] . 



(c) Let V be Hermitian space. Then 

1 



2M' 



xf <n\\r]{nh){x)\Y 



for alln> and for every Hermitian endomorphism h G Herm(y) 
with the property Spec(/i) C [—M,M]. 

Proof: The first statements are straightforward. The last one follows from the 
previous ones and Remark 6.15 in the following way: we take 



and we notice that |/| [_m,m] < \g\[-M,M] by 3b. 



We divide (34) by ||s||l2, taking into account Remark 4.15 3c and (56). We 
get, for ||s||i,2 > max(;|g,l), 



2M 



\doaf<\\sM\\s\\[a,.]){doa)f 



< 



--Pi\sf)-ik°,s) 



Integrating on X the obtained inequality, we get 

ll^oalll^ < 2M\\k°\\L2 . 



(57) 



Concluding, we can state 
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Proposition 4.16 Suppose that {se)ee(o,i] *s i^ot -bounded. Then the set 



is uniformly bounded in fl . In particular, there exists a sequence (e„) 
£„ ^ such that 



2. The sequence ((Te„)„ converges 

• weakly in L\ , 

• strongly in 1? , 

• almost everywhere on X 

to an L\ n L°° - section a in the bundle P" Xad i^jj ■ 

4.4.2 The properties of the limit a 

The aim of this paragraph is the fohowing 
Theorem 4.17 

1- lk||i,2 = 1. 

2. The map X 3 x ^ [(^{x)] S i6/ad^ which assigns to every x G X the 
conjugacy class ofa{x), is constant almost everywhere. 

3. pry+ {da) = for almost every x G X , where Vj',-. is the direct sum of 
the eigenspaces corresponding to strictly positive eigenvalues of the endo- 
morphism [a{x), •] on ■= Px Xad 0- 

In order to prove this, we wih need several preparations: 

Let s G A°(_P Xad i^) be a smooth section. Denote by the linear fibration 
Uxex ^hcrc V^,^ = kcr[.s^, •] C 4 Xad Q- 

Let be the closed subset of X where ker[sa;, •] has rank < k. Then ker([s, •]) 
defines a continuous subbundle of P Xad £l|jf=\x» ^- Therefore, the projection 
Pvo is continuous on every hence it is a bounded measurable section. 

With these remarks, we can state 

Proposition 4.18 Let A° e A{P) and let (cr„)„, (t„ e Xad i6) be a 

sequence of smooth sections with the following properties: 




1. lim„^oo ||Se„||L' 



2 = 



OO 
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1. It is weakly convergent in L\. 

2. It is bounded in L°° . 

3. It converges strongly in . 

4- It converges almost everywhere on X. 

5. (\\pvyo [doan]\\L^)n couvtrges to 0. 

Then the weak limit u of this sequence (which belongs to L\ n L°°) defines an 
almost everywhere constant map x i— > [(t{x)] G l/K. 

Proof: Let Let . . ,Lk € C[fl] be homogeneous generators of the invariant 
algebra C[g]'^. We will prove that bi{a) are constant almost everywhere, and the 
claim will follow from Corollary 6.8 in the Appendix (compare with the proof 
of 6.9). 

Let ji : g'^^ ^ C be the ad^-invariant symmetric multilinear map which 
corresponds to Li 

Using properties 2. and 3. and 4. one gets easily, by the Lebesgue dominant 
convergence theorem, that (.i(cr„) = ji((T„, . . . ,(T„) converges to ii{a) strongly 
in L\ 

One has 

d[ji{(T„, an)] = diji{doan, (Tn,---, (Tn) ■ 

On the other hand, by 2. and 3. the sequence of sections 

)e AO (Fx ad Hom(ze,C)) 

is L°° - bounded and converges strongly in to ji{-,a, . . . ,a). Taking into 
account 1., 2. and 3. we deduce by Lemma 6.17 in Appendix that 

dijiidoan, cr„, . . . , cr„) ^ diji{doa, a,..., a) weakly in . 

On the other hand diji{docr, cr, . . . , cr) = d[ji{a, cr)] as distributions because 
Leibniz's rule extends to fl L°°-sections.'^ 

Therefore, 

diji{doan, (Jn,---, cTn) ^ 3[ji(cT, . . . , ct)] wcakly in . (58) 

On the other hand, taking into account that ji is ad(A,-invariant (hence in par- 
ticular adg-invariant) , it follows easily that, for any u € g, the linear functional 

•^This can be proved by constructing a sequence of smooth sections converging to cr with 
respect to both L| - and LP - norms, for p sufficiently large. 
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ji{-,v, . . . ,v) vanishes on [v,g\. The point is that, when v S it, one has an 
orthogonal decomposition 

= b,fl] ® Zg(w) ■ 

This foUows from the fact that, in this case, Zg{v) is just the complexification 

of Z({iv). 

Therefore one gets pointwise 

diji{doan, cr„, . . . , cr„) = djji(pryo^ (i9o o-„ ), o-n, cTn) , 

and the right term converges to in as n ^ oo by 5. and 2. By (58) we get 
that d[ji{a, . . . ,a)] = in the week sense, hence ji{a, . . . , u) is a constant. The 
claim follows now from Corollary 6.8 ■ 

For an element u e it we denote by V~ the direct sum of eigenspaces of 
[u, ■] e Herm(0) corresponding to strictly negative eigenvalues. Again, for a 
section u G A^{P Xg^^ it), the projection pr^- on the fibration defined by u is 

inL°°(Herm(PXadfl)). 

Proposition 4.19 Let A° e A{P) and let (0-„)„, a-„ e Xad it) be a 

sequence of smooth sections with the following properties 

1. It is weakly convergent in L\. 

2. It is bounded in L°° . 

3. It converges strongly in L^. 

4-. It converges almost everywhere on X . 

5. The weak limit a of this sequence defines an (almost everywhere) constant 
conjugacy class [a] G it/K. 

6. (||pry-^ [9ocr„]||i,2)„ converges to 0. 

Then the weak limit a ( which belongs to L\ n L°°) satisfies 
Wy-^ [c^of] = for almost every x G X . 

Proof: Let ctq S it be a representative of [a] and Ai < . . . Afc < be the 
negative eigenvalues of [o"o,-]. Then [ax,-] has the same eigenvalues with the 
same multiplicities for almost every x G X. 

Indeed, one can easily see that for u £ it, the eigenvalues of the endomorphism 
[u, ■] e Herm(0) depend only on the class [u] G it/K. This follows from the fact 
that, for k G K, one has [adj^(s),-] = ad^[s,ad^_i(-)]. 
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Let 77 G (Aft, 0) and x : K ^ [0, 1] a smooth increasing function which is 1 on 
(— oo,r/] and on [0,oo). 

Put 

(In ■■= x([ct„,-]) • 

Since cr„ converges strongly in L? , it follows that g„ converges strongly in L'^ 
to q := x([ct, •]) = pry- . This follows from the Lebesguc dominated convergence 
theorem, from 4. and the fact that, for any Hermitian vector space E, the map 

X : Herm(£;) — > Herm(i;) , / i-» xif) 

is continuous. 

Therefore gnl^^oCn] converges to q{do{<T)) = pTy-[doa] as distributions. On 
the other hand 

II qn[do(^n\ ||l,2< llpry-^I^OO-nllU^ , 

which converges to by 6. 
Therefore pr^- [doa] = as a distribution, hence as an - section as well. ■ 

We can now give the 

Proof (of Theorem 4.17): 

We make use of Proposition 4.16 and put s„ := Se„- cr„ := a^^. Since 
||cn||L2 = 1, and an ^ a strongly in L^, we get ||(7||i2 = 1 as claimed. 

For the proof of 2. and 3. we claim first that 

{\\pVy^r.[dQan]\\L^)n ^ , (59) 

where , for s G j4''(_P Xad H), we denoted by VI the fibration whose fibre in 
X £ X is the direct sum of all eigenspaces corresponding to all non-positive 
eigenvalues of [sx, •]• 

This follows easily in the following way: using the inequality 

1 - e"* 

> 1 for f < , 



t 

we see that 77 > X-, where x- := XR<o is the characteristic function of the set 
IR<o. By Remark 6.15 and (34) one gets 

2 1 21 2 

pry.n[doan] = j^—^ pryan[aoS„] = j — ^ l(X-(K, •])(5oSn)U < 



<n^M[Sn,-]){d0Sn)\l< 



-^P(|s„|2)-s|s„|2-(fc°(x),s„) 



(X) 
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It suffices to integrate the obtained inequality over X, and let £ ^ taking into 
account that ||s„|| — > oo. 

In particular, it follows that 

(||pryo^[aoCr„]||L2)„ -» , 

hence, by Propositions 4.18, the limit a defines an almost everywhere constant 
map X — > \l/K. Therefore, we can apply Proposition 4.19, because (59) obvi- 
ously implies ||pry- [^oCnJIU^ ^ . ■ 



4.4.3 The limit a destabilizes 

Let a be the limit given by Proposition 4.16. 

Proposition 4.20 Let [a] C it be the element in ii/K defined by the (almost 
everywhere constant) map x i— > [ax] (modulo a,d^) and let (Tq € it^ \ {0} be any 
representative of [a] . Then: 

1. The L\f\L°° section a is smooth and takes values in [a] on the complement 
Xp of a Zariski subset of codimension at least 2 such that the subspace 

{q e Q\x,, cr{q) e 0<,J 

extends to a meromorphic reduction Q'^ ^ Q of Q to Go-q which is holo- 
morphic over Xp. 

2. The section s{ao,p) associated with ctq and the Zj^{ao) -reduction (1 P 
of P\xp coincides with u. More precisely, a{q) = ao for all q G (iP. 

Proof: This follows from Proposition 4.17 and Proposition 6.27. There is one 
simple detail to be explained. The weak holomorphy condition in Proposition 
6.27 reads in our case 

pry+ = for almost every x G X 

where a is the section in P Xad «0 = zad(P) defined by cr, and V^(^x) direct 
sum of strictly positive eigenspaces of [(7(a;), •] S Herm(0a;). 

But, since 

da e L\A°\P x,d 0)) , V,%^ = V+^^ C fl. , 
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this condition is equivalent to 

pry+ (dxcr) = for almost every x £ X . 



The foUowing result will end the proof of Theorem 4.2. 
Theorem 4.21 The pair {p, ^) destabilizes the pair (J, if). 
The first step is to give an explicit formula for the total maximal weight 

2tt 



(n-1)! 



deg, 



+ y A 2 p)v0lg . 



For the first term, we obtain by (14) 

27r , / . .CTnA 1 



(n-1) 



— degg (p-My)) 



2^ 



2{n-l)\Jx 



h 



, cr A w 



n-1 



hi A 



,cr] A volg , 



where a is the second fundamental form of the K^o = G{ao) fl .^-bundle Q^dP 



By (19) we have 



pr|^^ [a A a] = -2 ^ [a^ A ax] 

AeSpec+[<7o,-] 



so using the known formula (21), we get 



^ iAgh{[ax Aax],a) = 

AeSpec+[CTo,-] 



^ iXAgh{ax A ax) = - ^ A|aA| 

AGSpec+fao,-] AGSpec+fao,-] 



(60) 



The (l,0)-form doa has non-trivial components only on the eigenspaces of 
[(To, •] associated with strictly positive eigenvalues. Indeed, since the conjugacy 
class of a is constant, doa has no ker [ctq,-] - component by Proposition 6.9. 
On the other hand, by the holomorphy of Q''\xp it follows that a]^ = for 
A e Spec" [(To, •] (see formula (18), Proposition 6.26). 
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Therefore 

do<J= ^ [a\,(j\ = - ^ \a\ . (61) 

AeSpec+[(To,] AeSpec+[cro>-] 

Let (j) be the real function defined by 

= | ^ if r<0. 

We get 

0([a,-])(aoa) = - 

AeSpec+ [(70, •] 

SO, comparing with (60), one can write 

Since the (l,0)-form d^a has non- trivial components only on the eigenspaces of 
[a, ■] associated with strictly positive eigenvalues, the right hand term is indeed 
smooth on Xp. 

Therefore, we obtain for the total maximal weight of the pair (J, ip) the for- 
mula 

A((J,v>),(p,y)) := ^^^^^^degg(p,/i(y)) + j {cp, p)volg = 
= \ [(iA,F4o,<7)i. + mWW^a)\l.] + y ^hm M^(e*t<^) . 



Lemma 4.22 Let {p^oi;)) he any pair consisting of an element ao G it and a 
meromorphic reduction of Q to G{ao). Fix a K -reduction P of Q, let a be 
the section in A°(P Xad it) which corresponds to ao and this reduction. Let 
e A{P) be the Chem connection of P and d^o = d + do the associated 
covariant derivative. Then 



A((J,v),(p,^)) = 



i(jAgi^^o,f7)z,2 +^lim j 



Proof: It suffices to prove that 



^t\v{[ta,■]K^oa)\' + ^,-'iie'i^) 



VOlg . 



\m<J,-]){do{a))\\l.^lnn / tH[ta, -mdoa)]' vol 



g 
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For t > 0, consider the real analytic function rjt defined by 
Vt{T) = Vt vitr) = \ 



Vt 



if T ^ 
if r = . 



(62) 



Recall that the conjugacy class of a is constant, so the eigenvalues of [a, ■] are 
also constant (see the proof of Proposition 4.19). Let Aq be the first positive 
eigenvalue of [a, ■]. Note that, by Proposition 6.9 and Theorem 6.26, the form 
do{o')\x has non-trivial components ordy along the strictly positive eigenspaces 
of [a, ■]. Therefore, pointwise on Xp one has 

t\v{[ta,-]){doa)f-ma,-]){doa)\' < sup \rj^ - ct>'\\doa\K 

[Ao,oo] 

The point is now that r/f converges uniformly to 0^ on the interval [Aq, oo) as 
t — » oo. Integrating both sides on Xp we get the result. ■ 



Let cr„ = ii^^"*!! ^ Sn be the sequence with limit a given by Proposition 4.16. 
Lemma 4.23 Fix to > 0. Then 



{iAgF^o,(T)L^ + J 



iio|»?(M,-])(9oa)|2 + /x-*t(e*°t<p) 



VOlg < 



liminf < 

n— ^oo 



vol a 



Proof: First of all notice that 

(*^9-^A0'<^n)i2 (iAgFjo,cr)i2 , (63) 

because (cr„)„ converges strongly in L'^ to a. 
Second, one has 

^-'f (e*°f <p) = (/x(^),-i|) + [M-'*(e*''t^) -M-'^(V)] , 

Since cr„ ^ a strongly in L'^, it follows that 

(m(V'),-«y)wo?s ^ j {n{(p),-i^)volg . (64) 

Xo 
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The two terms (e*°^(/j)— /Lt~*^ (lyj)], {e^°^ (p)— n^^^ {(p)] are point- 

wise non-negative, because the value in every point x G X can be identified with 
the energy of a curve in the fibre Fx. On the other hand, the first term converges 
almost everywhere to the second as n ^ oo. By Fatou's lemma, it follows that 

< liminf / [ii-^^{e*''^ip) - ii''^ {<fi)] . (65) 

n^oo J 



Finally we state that 

j [|7?([ioc7,-])(Soa)|2] volg < limmf J [|r?([ioa„, •])(5oa„)|2] volg . (66) 



Indeed, since (77([too"n, •]))« converges strongly in to ri{[toan,-]) and is 
I/°°-bounded, and since 9o(cr) converges weakly in to Sqct, it follows that 
v{[to'^n, ■]){do(Jn) converges weakly to ri{[toa, ■]){doa) in (see Lemma 6.17 in 
the Appendix). 

Now the inequality (66) follows from the well known semicontinuity property 
of the norm with respect to the weak convergence in a Hilbert space. The claim 
of our lemma follows from (63), (64), (65) and (66). ■ 

Lemma 4.24 Let s G A°(P Xad H)- Then the maps 

to^tQ\r]{[toS,-]){dos)\'' , 

to^Mo'*(e*°*¥') 

are pointwise increasing. 



Proof: The second map is obviously pointwise increasing (see Remark 1.6). For 

the first, it suffices to notice that the function rjta defined by (62) takes positive 
values and is increasing with respect to to. The result follows from Remark 6.15. 
We can now give the 

Proof (of Theorem 4.21): 
If not, one would have 

A((J,^),(p,^))>0. 
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By Lemma 4.22, it would follow that there exists to > such that 



I 



to\v{[toCT,-]){do<T)\'+f,-'^{e'^^^) 



VOln > . 



By Lemma 4.23 we get that for all sufficiently large n € N, we have 



X 



u 



VOlg > — . 



Choose n sufficiently large such that ||s„||i2 > to- By the monotony Lemma 
4.24, we get that 

1 



+ 



/ 

X 



1, 



-{iAgF^o,crn)L^ + 



VOlg > — , 



u 

2" 



or, equivalently, 
1 I 1 



{iAgF^o,Sn)L^ 



I 

X 



VOln > > 



u 



But, integrating (32) on X and taking into account the identity given by 
Proposition 6.16, we get 



1 I 1 



{iAgF^o,Sn)L2 + j 
X 



volg y = 



We now can finally give the proof of our main result. 

Proof (of Theorem 4.2): Theorem 4.14 yields a Hcrmitian-Einstcin reduction 
Ps, unless the smooth family {se)ee(o,i] given by this theorem is not L^-bounded. 
In this case Proposition 4.16 applies and one obtains a pair (p, ^) with 

A((J,^),(p,^))<0 

by Theorem 4.21. But, using Remark 2.20 and the fact that ctq S ii-^ \ {0}, this 
contradicts polystability. ■ 
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5 Examples and Applications 



Our main theorem generalize previous results on "universal" Kobayashi-Hitchin 
correspondences in two directions 

1. It holds when the base manifold is an arbitrary Hermitian manifold, 

2. It holds for oriented pairs, giving the appropriate complex geometric sta- 
bility and polystability conditions for this class of objects. 

In this chapter we will illustrate in concrete situations the importance of both 
directions. Using the correspondence between polystable oriented pairs and so- 
lutions of the generalized Hermitian-Einstein equations, we construct a canon- 
ical isomorphism between the corresponding moduli spaces, the Kobayashi- 
Hitchin isomorphism. Using this isomorphism and ideas from Donaldson theory, 
we endow the moduli spaces with canonical Hermitian metrics. We discuss in 
more detail moduli spaces of oriented connections, Douady Quot-spaces and 
moduli spaces of non-abelian monopoles in the non-Kaherian framework. 

5.1 Oriented holomorphic principal bundles and oriented 
connections 

5.1.1 The Kobayashi-Hitchin correspondence for oriented holomor- 
phic principal bundles 

Let Q be a principal G bundle over a compact complex manifold and Qq a fixed 
bundle holomorphic structure of the G-quotient Qo- Our moduli problem asks: 

Classify bundle holomorphic structures Q on Q which induce Qo on Qo, mod- 
ulo the gauge group Q := AutQQ(Q) = T{Q Xjs^^G). 

Such a holomorphic structure will be naturally called a Qo- oriented holomor- 
phic structure on Q 

Example: Choosing G = GL{r,C), G = SL(r) our problem becomes: Let 
£ be a differentiable vector bundle vector bundle over X and £ a holomorphic 
structure on its determinant line bundle L. Classify all holomorphic structures 
£ on E such that det(f ) = £ modulo the gauge group Q := T{X, SL{E)). 

Note first that the ^-stabilizer of a holomorphic structure Q always contains 
the relative centralizer Zg{G) = {5 S G|Ad^(5) = gWj G G}, so it is natural to 
relax the simplicity condition for an oriented holomorphic structure Q by asking 
its infinitesimal stabilizer to be minimal, i.e. Qq = z{g, G), (see Definition 2.19). 
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Our bundle classification problem can be formally regarded as a coupled prob- 
lem with fibre F = {*}. Let T be the unique maximal compact subgroup of 
the abclian reductive complex group Zg{G) and t := Lic(T). Let h be an 
ad-invariant complex inner product of Euclidean type on q. The choice of a 
Hamiltonian system [K C K,gp,^) with a K-equivariant moment map /x re- 
duces to just the choice of an element it G i. Therefore, our stability condition 
becomes 

A Qo-oriented holomorphic structure Q on Q is t-stable if its infinitesimal 

stabilizer Qq coincides with z{q,G) and the following holds: for every vector 

£, € H{G) and meromorphic G{£,) -reduction p of Q, one has 

^deg(p, /i(O) > h{t, OVokiX) (67) 

with strict inequality when ^ ^ z{q, G). 

A vector ^ € H{G) decomposes as ^ = + C: where G z{q,G)-^ and 
C G z{q,G). The linear form h{C,) is ad^-invariant, so deg(p, can be 
identified with a holomorphic invariant deg(Q, /i(C)) of Q (sec Definition 2.8). 
Since h is non-degenerate, there exists a unique element r(Q) e ii such that 

deg(Q, /1(C)) = /i(t(Q), C) VC e it = H{Zg{G)) . 

The holomorphic invariant r plays the role of the degree in the classical case 
of (non-oriented) bundles; it is obviously a topological invariant when g is 
Kahlerian. Since the map, C, ^ deg{Q,h{Q) is linear on ii, the inequality 
(67) implies 

2ttt{Q) 
{n-l)\Vol,{X) ■ 

which means that an oriented holomorphic structure Q can be t-stable only for 
a single constant t, which is a holomorphic invariant of Q (and a topological 
invariant of Q when g is Kahler). This motivates the following 

Definition 5.1 A Qo-oriented holomorphic structure Q on Q is called: 

1. semistable, if dcg{p, /),(^)) > for every vector ^ £ H{G) fl z{q, G)-^ and 
meromorphic reduction p of Q to G(^), 

2. stable, if it is semistable, its infinitesimal stabilizer Qq coincides with 
z{q,G) and the semistability inequality above is strict when ^ 0, 

3. polystable, if it is semistable, its infinitesimal stabilizer Qq is reductive in 
the sense of Definition 2.16, and the semistability inequality is equality 
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when and only when p is induced by a global holomorphic Zq{£^) -reduction 
and the section in H^{Q Xad fl) defined by ^ via this reduction belongs to 

The condition ^ G 3"^ becomes simply is semisimple" when G = G is 
connected. 

Remark 5.2 Using the fact that, for a fixed parabolic subgroup L C G and 
maximal compact subgroup K c G, the map (, i— > deg{p, h{^)) is affine on the 

convex set {s G ii\ G{s) D L}, it follows easily that it suffices to check the 
conditions above only for vectors ^, for which G(^) is maximal in the set 

VarciG) := {G(0| C € 7J(G)} . 

In this way, one recovers the usual (semi, poly) - stability condition for vec- 
tor bundles in the classical cases {G,G) = {GL{r,C),GL{r,C)), (G, G) = 
{SL{r,C),GL{r,C))- 

Our main theorem becomes 

Theorem 5.3 Fix any Kq reduction Pq C Qq. A Qo-oriented holomorphic 
structure Q on Q is polystable if and only if there exists a K reduction P of Q 
inducing Pq on Qo such that the Chern connection A of the pair {Q, P) satisfies 
the Hermitian- Einstein equation 

Note again that the right hand term (the "Einstein constant" ) of this equation 
is a topological invariant of Q in the Kahlerian case and a holomorphic invariant 
of Q in the Gauduchon case. 

5.1.2 Isomorphism of moduli spaces 

As explained in the introduction, a Kobayashi-Hitchin correspondence always 
yields an isomorphism between a moduli space of solutions of a Hermitian- 
Einstein type equation (which is a very difficult non-linear PDE system) and a 
moduli stable of polystable objects, which in many cases can be described with 
complex geometric methods. This idea was first used in Donaldson theory with 
spectacular success. 

The formalism explained in [DK] and [LT] for comparing moduli spaces can 
be easily extended for general oriented bundles as follows. 
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Let A := Ajo{Q) be the space of oriented almost complex structures J on 
Q which project onto Jo (the almost complex structure of Qo)- A is an afRne 
space with A^'^{Q Xad fl) as model vector space. 

Let Ti. = HjoiQ) C .4 be the subset of integrable almost complex structures, 
W the open subset of simple structures and Hf C the subspace of stable 
structures. 

On the differential geometric side we choose a ^-reduction P of Q, we denote 

by Po the induced ii'o-reduction of Qo and by Ao the Chern connection of the 
pair {Po,Jo). Let A := Aaq^P) be the space of Ao-oriented connections, i.e. 
the space of connections on P which project onto the fixed connection ^o- A- 
connection A G A will be called irreducible if its infinitesimal stabilizer with 
respect to the /C-action is minimal, i.e. it coincides with the centralizer z(6, K) 
of K in t. As usually, we will use the supscript (•)* to denote the open irreducible 
part and the supscript (•)^^ to denote the Hermitian-Einstein part, i.e. the locus 
of integrable solutions of equation (68). 

One can introduce a stronger irreducibility condition as follows: a connection 
A G A is called strongly irreducible if its stabilizer JCa C /C is minimal, i.e. it 
coincides with the centralizer Zk{K). Since this condition is not easily checked, 
and since we want to avoid unimportant technical complications, we will impose 
a natural condition on our pair of Lie groups {K, K) which assures that the two 
irreducibility conditions coincide, and which holds for the standard pairs of 
classical groups. One can easily show 

Proposition 5.4 Suppose that K is connected and that for every k G K there 
exists A e 6 which is invariant under Zj^ik) and such that exp(A) = k. Then 
every irreducible connection AG A is strongly irreducible. 

For the remainder of this section, we will always assume that the pair [K, K) 
satisfies the hypothesis of this proposition. 

The fundamental objects we study in this section are the moduli spaces 

The same methods as in [Dol], [LT] show that Theorem 5.3 can be refined 
and that one has a canonical isomorphism of moduli spaces: 

Theorem 5.5 1. M.^ has a natural structure of a com,plex analytic space 
(in general non-Hausdorff ) of finite dimension and [M.^^]* has a natural 
structure of a Hausdorff real analytic space of finite dimension. 

2. The Chern map A\-^ induces a real analytic open embedding 
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whose image is ^A^g . In particular, this space is open in ^A^, is Hausdorff 
and is canonically isomorphic via KH to [M.^^]* . 

Remark 5.6 1. In general, the moduli space [M^^]* can contain orbifold 
type singularities if it contains points which are not strongly irreducible. 
Our condition on the pair {K, K) avoids this complication. 

2. One can show that the isomorphism [M.^^]* M.^^ extends to a ho- 

meomorphism [M^^] ■> M^^^, where 

Mf' := ^« /g 

is the moduli space of polystable holomorphic structures. This space, in 

general, does not have a complex space structure; moreover the local struc- 
ture around a non-stable polystable point can be very complicated (see e.g. 
[Te4]). 

Why are moduli spaces of oriented connections important? A clear, 
simple motivation for considering moduli spaces of oriented connections is the 
following: extending the Witten conjecture to non-simply connected 4-manifolds 
leads naturally to Donaldson moduli spaces of oriented, projectively ASD U{2)- 
connections. This spaces cannot be identified in general with moduli spaces of 
PU (2)-connections. We explain in detail this phenomenon: 

Let S be a Hermitian 2-bundle on an oriented Riemannian 4-manifold M, Pe 

its frame bundle, and L its determinant line bundle. Fix a unitary connection 
^0 € denote by Aaq the space of ^o-oriented connections, i.e. the space 

of unitary connections on E which induce Aq on L. Consider the subspace 

:= {AeAA„iE) I (F0)+ = 0} 

of projectively ASD oriented connections. Here stands for the trace-free 
part of the curvature, which can be identified with the curvature of the induced 
PJ7(2)-connection A on the associated Pf/(2)-bundle P := ^^/g^- Consider 
the moduli space 

of projectively ASD oriented connections on E modulo the gauge group 

JC := r(X,SU{E)) . 

The space A^^^ {E) can be identified with the space A^'^^ (P) of ASD connec- 
tions on P, but the natural map /C — > Aut(P) between the two gauge groups is 
in general not surjective. There is a natural map 
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which is always surjective and is an isomorphism when if^(M, Z2) = 0. In 
the general case, one has a natural action of H^{M, Z2) on A4^^^{E) given by 
tensorizing with flat {±l}-conncctions, and A4^^^{P) is just the H^{M,'I,2)- 
quotient ([LT], [Te4]). This natural i?^(M, Z2)-action might have fixed points 
[Te4], so the space M^^'-'{P) is in general more singular than M^^^{E). But 
there is another important reason why the latter space is a more convenient 
object: in order to embed a Donaldson moduli space in a moduli space of non- 
abelian monopoles (this is the starting point of the "cobordism strategy" for the 
proof of the Witten conjecture), one needs coupled Dirac operators (see section 
5.3.2), so one needs unitary connections. There is no obvious way to define a 
coupled Dirac operator associated with a PU (2)-connection. 

5.1.3 The canonical Hermitian metric on moduli spaces of oriented 
connections 

We write Z and z for Zk{K) and z{l,K) respectively. Let 

Kr := ^/z , AliP !) := C ^"(P x^d 6) = Lie(/C) 

be the reduced gauge group and its Lie algebra. We will also need the orthogonal 
projection 

Pr : A\P x^l) ^ Al{P x^^i) . 

This group acts freely on our configuration space of oriented irreducible connec- 
tions A* from the right, so A* can be regarded as a principal /Cr-bundle over 
the quotient B* := j^^. 

Write Kr '■= ^/z ^^'^ consider the principal Ar^-bundle 
The associated bundle 

:=A* X/c^Pr 

with standard fibre Pr over B* can be alternatively regarded as a principal 
K'r-bundle over B* x X and will be called the universal ^r-bundle. 

We will introduce a canonical connection on this principal bundle (compare 
with [DK], section 5.2). Since our base metric is not Kahler (but only Gaudu- 
chon) one should not use the L^-orthogonal distribution used in classical gauge 
theory (see [DK] p. 196). 

Following the strategy in [LT] section 5.3 we put, for any A G A* , 
:= Agod^: A\P x^ 6) A0(P x^d «) , 
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U ■■= ProSj^od^: Al{P Xad e) ^ Al{P Xad t) • 

The operator 5^ plays the role of the L^-adjoint of in the Kahlerian frame- 
work, whereas replaces the standard Laplacian. 

The same methods as in [LT] show that 

Proposition 5.7 After suitable Soholev completions the following holds: The 
assignment 

A 1-^ kcr(p,. o 

defines a real analytic connection T in the ICr -principal bundle A* B* . 

Proof: We recall briefly the argument in [LT] in this more general framework. 
First note that, in general, for any Euclidean connection i? on a Euclidean real 
bundle W over X, the following identity holds pointwise: 

iAgd=d|t;|2 = {Kgd^dBV, v) - \dBv\^ (69) 

We show first that 

ker (p^ o (5^ ) n [i • /Cr] = (70) 

for every connection A & A* . Indeed, for a an element u e j4°(P Xad 6) = 
lAe{JCr), one has 

Pr^xdpi = Pr^gd\d^U . 
The vanishing of this implies Agd'^d^u = ( G z, so 

^Ad^dlup + \d^u\^ = {Kgd\dxa,u) = (C,u) • 

Integrating on X and taking into account that g is & Gauduchon metric, one 
gets ||d^w||^2 = 0. Since our oriented connection is irreducible, this implies 
w = 0, so (70) holds. But this argument also shows that the operator is 
injective; but it is easy to see that it is an index Fredholm operator, so it is 
also surjective. Any a G A^(_P Xad 6) can be written as 

a = dAilA'iPrhio^))) + (a - dj^{q-j^^(prSj^{a)))) , 

and it is obvious that the first term belongs to [A ■ ICr] , whereas the second 
to ker{pr o S^). Therefore, F is a horizontal distribution, and it is easily seen to 
be /Cr-invariant. ■ 

Remark 5.8 The curvature Fr of the connection F is given by the formula 

Fr{a,p) = -qj'prKg[a'Ap] . 
for T-horizontal vectors a, (3. 
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(see [LT] p. 177). Note that h.g[a'^ t\(}\ is obtained by coupling the inner product 
g on l-forms with the Lie bracket on the Lie algebra 6. Therefore it coincides 
with the term {a, b} appearing in [DK] . 

The connection T can be used to define a canonical Hermitian metric H on 
the smooth part [Al^^]*eg of the moduh space [A^^^]* c:i Mf. Recall that we 
have fixed an ad-invariant complex inner product of Euclidean type h on the 
complex Lie algebra g. We put 



fl{a,b) ■■=- I h{aAP) Auj];-'^ 
Jx 



where a, b are tangent vectors to the moduli space and a, [3 are F-horizontal 
lifts. This form has type (1, 1) with respect to the complex structure induced 
from the canonical complex structure J of A^{P Xad — A^-'^{Q Xad fl) on the 
jT-invariant spaces r^nTj(^^^). It is also easy to see that this form is positive 
with respect to J, so it defines a Hermitian metric H as claimed. 

Note that using the standard i^-orthogonal distribution (as in [DK] section 
5.3) will in general only yield a Riemannian metric, not a Hermitian one when 
g is not Kahler. 

On the product A* x we define now a distribution D which is horizontal 
with respect to the projection A* y. Pr ^ B* x X. We put 

:=r4x4cT(4_p)(^* X A) , 

where is the horizontal space of F at A and Ap is the horizontal space 
at p of the connection A^ induced by A on P^. This distribution is invariant 

with respect to the diagonal A^^-action and the right /C^-action on Pj., hence it 
descends to a connection A on the imivcrsal Kr-h\mA\c P^- 

The curvature F of this connection is (see [DK], p. 197 and [LT] p. 177 for 
the Gauduchon case): 

= ' Jf'iA.p]!"'^) = «(^) ' ^[A,p]K/3) = ^r(a,/3) (71) 

for tangent vectors u, v G Tx{X) and a, /3 G F^. 

Remark 5.9 The restriction of A to PI „„ is an inteqrable connection. 

Using our ad-invariant inner product h, we get an associated closed charac- 
teristic form /i(F,F) e ^^(B* x X). 

For any v G A^'^-^iX) and a, b G T^A]i^*) S^t as in [DK] p. 179 



[pB.]*[/i(F,F)Ap^(i^)](a,6)= / [-h{aA/3)+2h(^F^^,Fr{a,p)) 



A u 



X 
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J [-h{aA/3)+2h{p^{F^^),Fr{a,/3)) 



Av 



where a /? G are horizontal hfts of a and b at A, p^*, px stand for the 
respective projections, and \pb']* denotes fibre integration along the X-fibres. 

Therefore, taking v = ojg~^ and using the Hermitian-Einstein equation (68), 
on the smooth part [A4^^]*eg of the moduli space it holds 

\pB^Um¥)Ap*M-')]L,^^,, =^ (72) 



\[M 



J reg 



Taking into account that h{¥, F) | j^hej. x ^^^ closed (2, 2) form (see Remark 
5.9), we get 

Theorem 5.10 The (1, l)-form il associated with the canonical Hermitian met- 
ric H on the smooth part [A^g*]reg of the moduli space Aif has the following 
property: 

1. it is Kdhler, when d{Wg~^) =0 (i.e. when g is semi-Kdhler) , 

2. it satisfies the identity ddVt = when g is Gauduchon. 

Note that, for the second statement, one needs that /i(F, F)| is d 

and 9-closed, so it is important to know that this form has pure type (2, 2). 

This result shows that the moduli spaces of stable oriented bundles over a 
compact complex manifold have interesting differential geometric properties (see 
Remark 5.19 below). 



5.2 Moduli spaces of oriented pairs 

5.2.1 Isomorphy of moduli spaces 

The construction of the moduli spaces of (oriented) holomorphic pairs in the 
non- linear case (when the action a is not a linear representation) is substantially 
more difficult than in the classical moduli theories. 

Indeed, in the non-linear case, it is quite difficult to construct the Sobolev 
completions of the space of sections in the associated bundle E := Q Xq F and 
to endow these completions with the structure of a Banach manifold (see [Pa]). 

Since here we are only interested in geometric applications, we will skip these 
analytical difficulties, which will be addressed in future work. 
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Fixing a holomorphic structure Jo on Qo, our complex geometric configuration 
space is 

A:=Aj,{Q)xr{X,E) 
with the natural right action of the complex gauge group Q = T(X, Q XAd G). 

Let Ti C Ahe the subspace of integrable pairs, the open subset of strongly 
simple integrable pairs, i.e. of pairs with trivial stabilizer. Note that the stabi- 
lizer of a simple integrable pair can be in general non-trivial; in order to avoid 
complications caused by orbifold-type singularities in the moduli spaces, we will 
restrict ourselves to the strongly simple points. Similarly, A^ will denote the 
subspace of A consisting of pairs with trivial stabilizer. The quotient 

has the structure of a finite dimensional, in general non-Hausdorff complex 
space, which will be called the moduli space of strongly simple oriented holo- 
morphic pairs. This space can be regarded as the vanishing locus of a section 

in a vector bundle over '■— jg whose fibre over [J, is 

A°'2(QXadfl)xA°'l(^*(V^)) , 

where V ^ E \& the vertical tangent bundle of E. This section is induced by 
the left hand side of the intcgrability condition. 

Fix now a JC-reduction P of Q, let Pq be the induced reduction of Qo and Aq 
the Chern connection of the pair (Pq, Jq). The configuration space is now 

^:=^^„(P) xr(X,^) 

acted on by the gauge group K := r{P x^d K). We will indicate by ( )* the 
respective parts of strongly irreducible pairs (i.e. of pairs with trivial stabilizer), 
and by ( the subspaces of integrable pairs solving the generalized Hermitian- 
Einstein equation 

pr^j [iAgFj] + ifi{ip) = . 
We are interested in the moduli spaces 

Both moduli spaces are Hausdorff, and the second moduli space can be described 

as the vanishing locus of a section s in a bundle S over the infinite dimensional 

A* I 

quotient B* := //^- Note however, that this space has no natural real-analytic 
structure in the general non-linear framework (even when /x is a real analytic 
map on F). The point is that the bundle S will only be a C'^-bundle, for a 
regularity class k depending on the chosen Sobolev completion of T{X, E). 

The Kobayashi-Hitchin correspondence becomes 
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Theorem 5.11 1. The map {A,ip) i-^ {J^,ip) induces an open embedding 

whose image is A4f. In particular, this space is open in A4^, is Hausdorff 
and is canonically isomorphic via KH to [A4^^]* . 

As in the bundle case, it holds: 

Remark 5.12 The isomorphism [M^^]* extends to a homeomor- 

phism [A4^^] A4^^^, where A^p^* is the moduli space ofpolystable oriented 

holomorphic pairs. 

5.2.2 The canonical Hermitian metric on moduli spaces of oriented 
pairs 

The canonical Hermitian metric on the moduli space. As in section 
5.1.3, one can define a natural connection on the principal /C-bundle A* B* . 

Let E be the associated bundle E := P x & F and V ^ E the vertical tangent 
bundle of E. In this section we will always assume that the Kahlerian structure 
{Jf,cof) on is .^'-invariant. We will denote by the same symbols the induced 
complex, respectively symplectic structure on the fibres of E and V. 

The tangent space of A* at a pair a = {A,(p) is the product A^{P Xad t) x 
A°{ip*{V)), whereas the tangent space to the orbit a • /C is Ta{a ■ K) = im(3n) 
for the operator 

9„:A"(PXad«)^Ai(PXad«)x , £.„(fc) := {d^k,^*{k*)) , 

where k'^ denotes the section of V defined by k. 
We define for a = {A, ip) e A* the operators 

5„ : A\Px,Al)xA\ip*{V)) A\Px^l) , 5„(a, V) = Agd^(a)+rf^/i(Jf V) , 

where in the right hand term, ^ is regarded as a map T{X,E) A^{P Xad 
and is the differential of this map at ip, and 

9„ : A\P Xad t) A\P Xad e) , qa ■■= SaO^a- 

The precise result is the following: 

Proposition 5.13 The assignment a i— > ker(5o) defines a connection T on the 
principal IC-hundle A* — > B*. 
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Proof: As in the proof of Proposition 5.7 it suffices to show that the operator 
Qa is injective. Using the fact /i can be regarded as a moment map for the 
/C-action on the space of sections T{X, E), we get pointwise in X 

{qa{k), k) = {Kgd\d^k + d^lJL{JF^*{k*)), k) = 

= {Kgd\d^k, k) + LOF{^*{k*), JF<fi*{k*)) = ^Agd^d\k\^ + \d^k\^ + |(^*(fc#)|2 . 

Hence, if qa{k) = 0, then integrating on X we get d^k = 0, ip*{k'^) = 0, so 
fc = 0, because the oriented pair {A, (p) is irreducible. ■ 

Again this connection can be used to define a canonical Hcrmitian metric H 
on the smooth part of the moduh space [At^^]* ~ Mf. We put 

n{a,b) :=- [ h{aA0)AtJ^-^ + {n-iy. [ ujF{'<P,x)volg, 
Jx Jx 

where a, b are tangent vectors to the moduli space and {a,ip), (/?, x) are F- 
horizontal lifts at pair o = {A, (p). Note again that our definition of the connec- 
tion r implies that this form has type (1,1) with respect to the complex structure 
induced by the natural complex structure J on A* on the ^/-invariant spaces 

r„nT„(^™)_ 



Generalized symplectic reduction. Let JsT be a Lie group, n : P B 
a principal ii'-bundle with a connection A and let be a closed ii'-invariant 

2-form on P. Wc will not assume that 77 is non-dcgcncratc. Let m bo a form,al 
moment map for 77, i.e. a iiT-equi variant map m : P ^ satisfying the usual 
condition 

(dm,0 = -t£#/?VCe6. (73) 

The sign on the right takes into account that K acts one on P from the right. 
One can project 77 on the base B using restriction to the A-horizontal spaces, 
but the obtained 2-from rjB will not be closed in general. 

Let Fa be the curvature 2-form of A. We define the 2-form {itIjFa) on the 
base B by 

{m,FA)ia,b) := (m(p), F^,p(a, 6)) , (74) 
where a, b & Tx{B), 7r(p) = x and a, b are horizontal lifts of a and b at p. 

Proposition 5.14 It holds 

d{r]B-2{m,FA)) = . (75) 
In particular, if is a regular value of m, then the restriction of r]B to the 
generalized symplectic reduction ^^^/k closed. 
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Proof: 

For vector fields a, b on B one has the formula 

[a,b] = [a,b]-FA{a,b)* , 

where ~ stands for horizontal lifts. Taking into account that rj is closed, one gets 
the following formula for drjB- 

dr]B{a,b,c) = -ri{FA{a,b)*,c)+r]{FA{a,c)*,b) - r){FA(b,c)* ,a) = 

{dm{c), FA{a, b)) - {dm{b), FA{a, c)) + {dm{a), c)) = 2d{{m, FA)){a, b, c) 
by the Bianchi identity. ■ 

There is a simple way to endow P with a pair (77, m) consisting of a if-invariant 
closed 2-form and a formal moment map m for 77: choosing a section in a bundle 
associated with a Hamiltonian ii'-action on a a symplectic fibre F: 

Remark 5.15 Let {F,ujp) he a symplectic manifold endowed with a left sym- 
plectic K-action, fj, a moment map for this action and f : P ^ F a K- 
equivariant map. Then rj := f*{ujp) is closed and K -invariant, and m := fio f 
is a formal moment map for rj. 

Note that the cquivariancc property of / implies the following transformation 
rule for the fundamental vector fields: 

The universal bundle, the universal connection, the universal section. 

We regard the associated bundle 

P:=^* X!cP 

over B* as a K^-bundle over B* x X. The map 

is well-defined and ^-equivariant, so it can be regarded as section in the uni- 
versal associated bundle 

E:=Pxj^F . 

Using the horizontal spaces of F and of the variable connection A, one con- 
structs in the same way as in section 5.1.3 a universal connection A on P. 
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The curvature F of this connection is given by formulae similar to (71) 

1F[A,^,P] V'), {13, X)) = Friia, i^), (/?, x)) 
for tangent vectors u, v G Tx{X) and horizontal vectors {a,'tjj), {l3,x) € F^^ 

Remark 5.16 The restriction of the universal pair (A, $) to [■M^^]*^^ x X is 
an integrable pair. 

For a (2n — 2)-form u on X we get as in the previous section 
\pB^Uhi¥,¥) Ap*x{iy)]{a,b) = 

= J [-h{aAP) + 2h{pVi{F^),Fr{{a,ilj),{P,x)))]Au, (76) 

X 

where a, b £ T^^ ^j('B*) and (a, (/3, x) are F-horizontal lifts of these vectors 

at {A, ip). Note that, for v = i^g~^, the first term on the right coincides with 
the first term of fl{a, b). 

Consider now the JsT- invariant closed form rj := ^*{(jJf) on P. This form 
admits a formal moment map in the sense of the previous paragraph, namely 
m := /i o $ (see Remark 5.15). 

The projection of r] on the basis B* x X is given by 

m'xx{{a,u),{b,v)) = ujf{'>P{x),x{x)) , 

where u, v £ Tx{X), and tp, x ^ the second components of the 

F-horizontal lifts {a,il}), (/?, x) of a and 6 in (A, y>). 

Applying formula (75) and taking into account that h is negative definite on 
I, we obtain 

rf[%*xx+2/i(m,F)] = . 

In particular, for every 2n-form a on X, the form obtained by fibre integration 
along the X fibres 

\PbA* [{m-^cx + 2h{m,¥))Ap*x{cT)] 

will be closed on B* . But obviously h{m,¥) A p*x{a) — h{m,Fr) A p*x{a). 
Therefore, we obtain 
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Lemma 5.17 For every a G the form fla on B* defined by 

fl^ia, b)= [ [ujFii^, x) + 2/i(m(v), fr((a, V), (/?, x))] (77) 
Jx 

is closed on B* . 

Note that the first term of {n — ly.Clyoig (a, b) is just the second term of Cl{a, b) 
(which was missing in (76)). 

SpeciaUzing (76) and (77) to the case a = volg = , v = w^"^ and taking 
the sum of these formulae, we get 

{[pB.]4/i(F,F) Ap3,(z/)] + {n-iy.Q^oi,} {a,b) = 
= 0(a, b) + j2h (w^-i A prj(F4) + (n - ly.volg ti{<p) , Fr((a,^), (/3,x))) = 

X 

= 0(a, b) + in- 1)! J 2h (Agprj(Fi) + /i(^) , Fr{{a, V), (/?, x))) ^^o/^ (78) 

X 

Restricting to the moduU space, one gets 

be.]*[/i(F,^) Api«-^)]|j^„,j.^^ + in-m,oi,\^^^^^,^^ = . (79) 

Since the characteristic form ft,(F,F) is closed of pure type (2,2) (see Remark 
5.16) and ilyoig is closed by Lemma 5.17, this shows 

Theorem 5.18 The (1, l)-form fl associated with the canonical Hermitian met- 
ric H on the smooth part [A^p']reg of the moduli space Ai^g has the following 
property: 

1. it is Kdhler, when d{u)g~^) =0 (i.e. when g is semi-Kdhler) , 

2. it satisfies the identity ddCl = 0, when g is Gauduchon. 

Remark 5.19 We believe that, for a given compact complex manifold Y of 
dimension c? > 3, the existence of Hermitian metric h satisfying ddoju = zs 
a very restrictive condition. Therefore, smooth compact complex subspaces of 
any moduli space Mf of oriented holomorphic pairs (or oriented holomorphic 
bundles) have very special differential geometric properties. 
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5.2.3 Application: Canonical metrics on Douady Quot spaces 

Let £q be a fixed holomorphic vector bundle of rank vq on X and E a diffcr- 
entiable rank r vector bundle. Denote by Quotf^ the Quot space of quotients 
q : So ^ Q oi £q with locally free kernel of differentiable type E. This quot 
space, which is an open subspacc of the Douady space Quotg^, of all quotients 
of So, has a gauge theoretical description [0T3]: it can be identified with the 
moduli space of pairs {S,(p), where 5 is a holomorphic structure on E and 
: S ^ So is a holomorphic sheaf monomorphism, modulo the gauge group 
g:=r{X, GL{E)). 

However, it is not clear at all whether the condition is a sheaf monomor- 
phism" is a stability condition. 

Using our general formalism explained in the introduction, the moduli problem 
for holomorphic pairs {S, (p) with ip : S ^ So corresponds to the system 

G = GL{r, C) X GL{ro, C), G = GL{r, C), Go = GL{ro,C) , F = Hom(C^ C") . 

A moment map for the K = ?7(r)-action on F has the form 

Using the explicit form of the maximal weight function associated with a linear 
representation given in section 1.3.1, one obtains the following stability condition 
corresponding to /Xj. Put r := ^"""^^'^"'"^"^^ t. 

Definition 5.20 A holom,orphic pair {S,ip) is called r-stable if for every non- 
trivial sub sheaf T of S, the following holds: 

1. fig{^/j,)>-T ifvk{J^)<r. 

2. fig{J^) <-TifT<Z ker((p). 

Here /Ug denotes the g-slope deg^/rk. Note that the ^-degree deg^ is not a 
topological invariant for general Gauduchon metrics g (see [LT]). 

Our next purpose is to compare the Quot space Quotf^ with a moduli space 
of r-stable pairs. The result is 

Theorem 5.21 Fix E and So as above. 

1. Suppose that g is semi-Kdhler. Then for sufficiently large t S R, the 
following are equivalent: 

(a) {S,(p) is T- stable. 
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(b) (f is injective. 

2. Suppose that g is Gauduchon. Then for any s G M there exists T{d, £q) G R 
such that for every holomorphic pair {£, (p), ip : £ ^ £o with degg(5) > s 
and every r > r(s, £q) the following are equivalent: 

(a) {£,ip) is T -stable. 

(b) ip is injective. 

Proof: For the semi-Kahlerian case the proof can bo found in [0T3]. The 
second statement follows using the same methods, but taking into account that 
the (/-degree is no longer a topological invariant in the Gauduchon case. ■ 

Let 

dg : Quotf^ — > R 

be the real analytic map defined by dg : {£, f) := degg{£). The second statement 
of the theorem above shows that the open subspaces 

[Quot§Js ■■= d~^{-s, oo) 

of Quotf^ can be identified with moduli spaces of stable oriented pairs. By 
Theorem 5.18, we obtain 

Corollary 5.22 1. Suppose that g is semi-Kahler. Then the smooth part of 
the quot space Quotf^ admits a canonical Kdhler metric. 

2. Suppose that g is Gauduchon. Then, for any s S the smooth part of 
the truncated quot space [Quot^^js admits a canonical Hermitian metric 
whose Kdhler form f2 satisfies the identity ddfl — 0. 

This result can be specialized to Douady spaces spaces of effective divisors. For 
any class m G lP{X,Z), let T>ou{m) be the Douady space of effective divisors 
in X representing the homology class PD{m). On Gauduchon manifolds, these 
spaces are in general not compact. Vou{m) can be identified with the quot space 
QuoIq^ , where M is a differentiable line bundle with Chern class m. 

For every s G R, we define the truncated Douady space 'Dou{m)s by 

Vou{m)s {D G Vou{ra) \ Volg{D) = degg{0{D)) < s}. 

These spaces are relatively compact in T>ou{m), by Bishop's compactness theo- 
rem. One has 

T>ou{m)s = [QuotQ^]s , 

so our result gives a canonical Kahlerian metric on every Vou{m) when g is 
semi-Kahler, and a canonical metric satisfying dd^ = on every truncated 
space T>ou{m)s. 
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Corollary 5.23 On a Gauduchon surface X with odd 61 (X), the moduli space 
of irreducible solutions of a (suitably perturbed) abelian Seiberg-Witten equations 

is a disjoint union of two truncated Douady spaces of effective divisors (see 
[0T7]). Therefore, one gets canonical Hermitian metrics with the mentioned 
property on all these moduli spaces of irreducible abelian monopoles. 

Remark 5.24 It might be interesting to study the behavior of the obtained met- 
rics on [Quot£^]s as s —> 00. 

5.3 Non-abelian monopoles on Gauduchon surfaces 

5.3.1 Oriented rank 2 holomorphic pairs 

Let E he a, rank 2 complex vector bundle over a compact Gauduchon manifold 
{X, g), and let £ be a fixed holomorphic structure on its determinant line bundle 
L := detiE). 

Wo arc interested in the classific;ation of oriented holomorphic pairs of type 
{E, C), i.e. of pairs (f , (p) consisting of a holomorphic structure £ on E inducing 
C on L and a holomorphic section G H°{X,£). This complex geometric 
moduli problem corresponds - in our general setting - to the system 

G = SL{2) , G = GL{2) , Gq = C , F = C'^ . 

Remark 5.25 Non-oriented pairs have been considered by many authors (see 
e.g. [Bra], [Th], [HL]). Oriented holomorphic pairs have been first introduced 
in [0T2] and [Te2] in the Kdhlerian framework in order to give a complex 
geometric interpretation for the moduli spaces of PU [2) -monopoles. 

The stability condition for oriented rank 2 holomorphic pairs is quite simple: 

Definition 5.26 An oriented pair {£,ip) of type {E,C) is called 

1. stable if one of the following conditions holds: 

(a) ip = Q and £ is a g-stable holomorphic bundle; 

(b) if =^ and fig{Ox{D^)) < ^ig{£) = \Aegg{L), where is the 
divisorial component of the vanishing locus Z{(p); 

2. g-polystable if it is g-stable, or = and £ is a g-polystable holomorphic 
bundle. 

Note that, contrary to the case of non-oriented pairs, this stability condition is 
not parameter dependent (compare to the previous section in this article and 
with [Bra]). 
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Remark 5.27 The stability condition for higher rank oriented pairs is much 
more difficult (see [OST] for the algebraic case). 

We will denote by M^^{E, C) the moduli space of stable oriented pairs of type 
{E, C). The stabilizer of a stable oriented pair of the form {£, 0) with respect to 

the natural action of the complex gauge group Q := r(X, SL{E)) is Z2, so these 
moduli spaces have at least Z2-orbifold singularities along the locus ip — 0. 

Moduli spaces of oriented rank 2 holomorphic pairs are very interesting geo- 
metric objects for the following reason: 

Remark 5.28 The moduli space A4^^{E,C) comes with a natural <C* -action, 
given by (C, (S,^)) ^ ,C<p)- In the terminology of [OST], [0T6], M''\E,C) 
is a "master space" associated to the coupling of holomorphic bundles with holo- 
morphic sections. 

The fixed point locus of this C*-action is described as follows: 

Lemma 5.29 Suppose that {X,g) is a Gauduchon surface, and denote 

I := Cx{E) , A := ^degg{C) , c := c^iE) . 

Then the fixed point locus of the C* -action on Ai^*{E,C) decomposes as 

]J Vou{m)x , 

m{l—m)=c 

where M.^l{E) denotes the moduli space of g- stable holomorphic structures on 
E inducing C on L. 

The truncated Douady spaces T>ou{m)\ have been defined in the previous 
section. On higher dimensional manifolds one must take the union of 'Dou{m)\, 
over all classes m such that the line bundle M of Chern class m is a topological 
summand of E. 

Proof: The part A4^^{E) is the locus (p = 0, which is obviously part of the 
fixed point locus. A truncated Douady space T>ou{m)\ with m{l — m) = c is 
embedded in as follows: To every D e Vou{m)\ we associate the 

stable pair {Ox{D) ®\C® Ox{—D)]^ fo), where (pjj is the canonical section of 
Ox{D). It is easy to see that any fixed point of the C*-action has one of these 
two types. ■ 



M'\E,Cf' =M'^{E)Y[ 
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Remark 5.30 When X is a surface, the space Ai^^^E) can be identified - via 
the Kobayashi-Hitchin isomorphism - with a Donaldson moduli space of ori- 
ented, projectively ASD U (2) -connections. When the base is simply connected, 
this space can be further identified with a moduli space of PU{2)-instantons. 

The spaces Vou{m)\ are related to Seiberg-Witten moduli spaces, as pointed 
out in Corollary 5.23. We will see that the total space M.^^{E,C) is part of a 
moduli space of non-abelian monopoles. 

On surfaces, the moduli spaces A4^*' {E,C) have natural compactifications, 
which are complex schemes when the base surface is algebraic. 

Any non-constant C* -orbit in M^'^{E,L) connects either a point of Donaldson 
type to a point of Seiberg- Witten type, or two points of Seiberg- Witten type ( one 
of which can belong to the compactification of M.^^{E,C)). 



The complex geometric moduli problem for oriented holomorphic pairs has 
the following differential geometric analogue. 

Fix a Hermitian metric h on E and let Aq be the Chern connection of the pair 
(£, det(/i)). Our configuration space is the space A := Aao{E) x A°{E), where 
Aao [E] is the space of unitary connections on E which induce Aq on L. The 
moduli space of oriented vortices is defined by 

^™(i?,^o) :='^™/x;, 

where A^^ is the space of integrable solutions of the projective vortex equation 
(see [Te2] for the Kahlerian case) : 



i^gFl + o(w)o = 



and /C is the gauge group V{X,SU{E)). Here F\ denotes the trace- free part 
of the curvature, which can be identified with the curvature of the associated 
Pf/(2)-connection. A pair (A, ip) will be called irreducible if its infinitesimal 
stabilizer vanishes. The stabilizer of an irreducible pair is either trivial or Z2. 

In our case, the Kobayashi-Hitchin isomorphism gives: 

Theorem 5.31 Let {X,g) be a Gauduchon manifold, {E,h) a Hermitian rank 
2 bundle on X , L a holomorphic structure on L := A.et{E), and Aq the Chern 
connection of the pair (£, dct(/i)). The map {A,^p) 1— > {Ba,^) induces a real 
analytic isomorphism of moduli spaces 

[X™(^,Ao)]*-S^ M^\E,C) . 

This isomorphism extends to a homeomorphism A4^^{E,Ao) ~ A4^^^{E,jC). 
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Remark 5.32 1. With an appropriate definition of (poly) stability for ori- 
ented pairs (see [OST] for the algebraic and [0T8] for the Kdhlerian case), 
the theorem holds for arbitrary rank r. 

2. On surfaces, the spaces A4^^{E,Ao) have Uhlenbeck-type compactifica- 
tions, which are complex schemes when the base is algebraic. 

5.3.2 Complex geometric description of non-abelian monopoles 

It is known (see [FLl], [FL2], [0T2] [PT], [Te5]) that the most natural way to 
prove the Witten conjecture relating the Donaldson invariants to the Seiberg- 
Witten invariants is to consider certain moduli spaces of non-abelian monopoles, 
which contain both Donaldson moduli spaces and moduli spaces of abelian 
monopoles. Substantial progress towards a complete proof of the Witten con- 
jecture in full generality (for arbitrary simple type manifolds) was obtained in 
[FL2] . The relation between the two type of differential topological type of in- 
variants has more than theoretical importance: it plays an important role in 
the recent spectacular results of Kronheimer-Mrowka in 3-dimensional topology 



On the other hand, the moduli spaces of non-abelian monopoles are interest- 
ing, difficult and mysterious objects, so we believe that, independently of the 
Witten conjecture, it is important and interesting to have methods for describ- 
ing such moduli spaces explicitly. The Kobayashi-Hitchin correspondence yields 
such a method even on Gauduchon surfaces. 

Let M be a closed oriented Riemannian 4-manifold and r a 5pm'^-structure 

on M. Denote by E^^, S := S+ ® the spinor bundles of t, by D := det(S=^) 
its determinant line bundle and by 7 : A\f End(E) the Clifford map. 

Fix a Hermitian 2-bundle E of determinant L on M. We choose parameter 
connections ^0 and Bo on L and D. 

The configuration space for the non-abelian monopole equations is 



and the gauge group is /C := T{M, SU{E)). Fix a complex form (3 e A^{M, C). 
The monopole equations associated with the data (r, Bq, P, Aq) read 



[KM]. 



A:=Aao{E) X a"{j:+^e) , 




_ 

(*(Xi*)o 



(80) 



where the term (\1/ (g) \l/)o stands for the projection of 



O * e A°(End(E) O End(£;)) 
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on A°(Endo(S) (S) Endo(£^)), and 0a is the coupled Dirac operator associated 
with the connection A and the abelian connection Bq on D. It is easy to see 
that this projection belongs to 

Hermo(S+) O Hermo(^) -^"') O su{E) . 



Standards methods ([FLl], [Te5]) show that the moduh space 

aSW , 



of solutions of this equation is a finite dimensional real analytic space which 
has a natural Uhlenbeck-type compactification. This is constructed in the same 
way as for the moduli spaces of instantons in Donaldson theory, by adding 

a finite number of strata of the form x Al^, where A^^ are Seiberg- 

Witten moduli spaces associated with bundles Ej. having det(£'fc) = det{E) and 
C2{Ek) ^ C2{E) -~k,k>l (see [FLl], [Te5]). 



The moduli space Ai comes with a natural 5''^-action (given by scalar multipli- 
cation of the spinor component) and one can easily see that the fixed point locus 
M.^ decomposes as a union of the Donaldson moduli space V := A4^^{E) of 
oriented projectively ASD connections (see section 5.1.2) and the union SW of a 
finite number of Seiberg-Witten moduli spaces of abelian monopoles. The funda- 
mental idea of the "cobordism strategy" ([FLl], [0T2] [PT], [Te5]) is to remove 

a small neighborhood U oi in and to use the quotient as a 

"homology equivalence" between V and SW. The problem is that new Seiberg 
Witten moduli spaces can appear in the lower strata of the Uhlenbeck compact- 
ification, and the structure of this compactification is very complicated [FLl], 
[FL2]. 

Let now {X, g) be a Gauduchon surface and Tcan the canonical Spin'' structure 
of X. The spinor bundles of Tcan are: 

^can — ^ : ^can — : 

SO that the determinant line bundle i?can is = t\^{T^^). Denote by Scan 
the connection on fcan induced by the Chern connection of the pair {Tx,g). 

A spinor e (S) E decomposes as ^ = (fi + a, where ip G A^{E) and 
aeA'^^^{E)=A'^{E^K^). 

We will suppose that the Chern class ci{E) belongs to the Neron-Severi group 
NS{X) of X, and that the parameter connection Aq is integrable. 

Our perturbation 1-form will be 

/^can '•— '7^9 ' 
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where 6g is the torsion form of defined by the equahty dwg = ojg A0g. This 
particular choice is very important: the corresponding perturbed coupled Dirac 
operator ^ A +7(/?can) coincides with the "Dolbeault-Dirac" -operator 

([Bi]). As in the Kahlerian case [Te2], one can prove the following decoupling the- 
orem, which extends to the non-abelian Seiberg-Witten theory the well-known 
Witten decoupling theorem for abelian monopoles on Kahlerian surfaces [W]: 

Theorem 5.33 A pair 

{A, ^ + a) e Aao {E) X {E) ® A°'\E)] 

solves the monopole equations associated with the data (ream -Bcanj /3canj ^o) */ 
and only if A is integrable and one of the following holds: 

1. a = 0, dAip = and iAgFl + ^{ipip)o = 0, 

2. </? = 0, dAOi = and iKgF\ - i * (a A a)o = 0. 

This theorem shows that the moduli space M of solutions of the non-abelian 
Seiberg-Witten equations associated with the data (rcan, -Bean, Pca.m ^o) decom- 
poses as union of two closed subspaces Mi, Mn intersecting along the Don- 
aldson moduli space Mao{E) of oriented, projectively ASD connections on E. 

The first part A4i is just the moduli space A4^^{E, Aq) of oriented vortices, 
so it has a complex geometric interpretation by Theorem 5.31. The second part 
Mil can be identified with A^he^^v (g,Kx,A'^(g) [S^^n]®^) via the map 

{A,a)^{A'' ®B^,^,a) . 

Therefore, we get the following complex geometric description of the moduli 
space of non-abelian monopoles associated with the considered data: 

Theorem 5.34 The moduli space M of solutions of the monopole equations as- 
sociated with the data (rcan, -Bean, /3can, ^o) decomposes as a union of two closed 
subspaces 

M = Mi U Mil ■ 

These spaces can be identified with moduli spaces of polystable rank 2 oriented 
holomorphic pairs as follows: 

Mi ~ Ml'\E) , Mil ~ MI'^^^^JE"" O Kx) . 

The intersection Mi (1 Mn is a Donaldson moduli space of oriented projec- 
tively ASD unitary connections, and can be identified with the moduli space of 
polystable oriented holomorphic structures M'^^{E). 
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Remark 5.35 Using Theorem 5.34 one can describe explicitly moduli spaces of 
non-abelian monopoles as -spaces. An explicit example in the algebraic case 
- which illustrates very clearly the cobordism strategy - is given in [Te2]. 

In the non-algebraic framework, one has to deal with a substantial difficulty: 
the appearance of non-filtrable bundles ( i. e. of bundles which admit non proper 
subsheaf of lower rank). For such bundles there exist no general construction 
and classification methods. 

Note however that this difficulty concerns only the "Donaldson part" of the 
moduli space (the intersection AiiDMu) because, for an oriented holomorphic 
pair {£, if) with y 7^ 0, the bundle £ will be automatically filtrable. 

6 Appendix 

6.1 Chern connections 

Let G be a complex Lie group and Q a principal G-bundle over a complex man- 
ifold M . By definition, an (almost) holomorphic structure in Q is an (almost) 
complex structure in the total space of Q which makes the projection on M 
(almost) holomorphic and the action G x Q ^ Q holomorphic. In other words, 
an (almost) holomorphic structure in the principal bundle; Q is a G-invariant 
(almost) complex structure on its total space which agrees with the complex 
structure induced by the complex structure in the Lie algebra q on the vertical 
subbundle Vq C Tq, and with the complex structure in M on the quotient 

bundle ^Q/y^. 

A holomorphic structure on Q can be alternatively defined as the data of a 
maximal system of trivializations with holomorphic transition functions. 

If is a maximal compact subgroup of a reductive group G and P C Q is 

a i^'-rcduction of Q, then the Chern correspondence identifies the space A{Q) 
of almost holomorphic structures on the bundle Q with the space A{P)) of 
connections on P. 

The correspondence is defined as follows: if J is an almost complex structure 
on the G-bundle Q, then the horizontal spaces of the associated connection 
A G A{P) are given by: 

j.horiz(p^ = TpiP) n J(Tp(P)) ,p€P. 
The tangent space Tp{Q) decomposes as 

TpiQ) = Tp{P) e Tp{P)^ = Tp^°"='(P) e t;-*(p) e Tp(P)^ , 
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where Tp{P)^ ^ {a*\ a e it}. 

The Chern correspondence identifies the space of holomorphic structures 

on Q with the space 

A^'\P) := {A G A{P)\ Fa G A^^\a.d{P))} 

of integrable connections on P. 

We will denote by the (almost) holomorphic structure corresponding to the 
connection A and by Aj (or, more precisely Ap^j) the connection corresponding 
to J. 

The aim of this section is to study the dependence of this connection and its 
curvature on P, when J is fixed. 

Proposition 6.1 The vertical component of a vector w G Tp{P) with respect 
to the Chern connection Ap^j is given by the formula 

vert(w) = -J prr^(p)x(J(u;)) . 

Proof: One has 

J(Tp(P)^) =T;^'-*(P) , J(Tp^'°"^(P)) = Tp^'°"^(P) , 

hence 

w = horiz(w) + vert(w) ; J{w) = Jhoriz(w) + Jvert(«;) , 

so that 

Jvert(w) =prT^(P)i(J(u;)) ; vert(u;) = - J WT^(p)±{Jiw)) 



Let P" be a fixed ii'-reduction of Q, and let A^ be the Chern connection of 
the pair (P°, J). One can write 

P = e-i{P°), (81) 

where s G A°{P° Xadifi)- 

Proposition 6.2 Denote by A'^ the Chern connection of the pair {P,J). Re- 
garding hath connections A^ and the initial connection A^ := Apo j as connec- 
tions in Q, the relation between these two connections is 

A' =A° + h-^doh , 
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where h :— , and the term h~^doh on the right is defined in the following way: 
regard h as a G-equivariant map X'Q^G, and define the ad-tensorial (1,0) 
form x~^9qx on Q by setting 

X~^dox{v) = X"^9x(lioriz^o(t;)) = [i^(g)-i]^ax(horiz^o(w)) 

for all q G Q,v G Tq{Q). This tensorial form can be identified with a form in 
h-^dohe A^'^{X,ad{Q)). 

Proof: Put k := e~i . Choose p G P°, and let q := k{p) = pk{p) e P"'. 
We want to compute the difference a := Oa" — ^a" between the two connection 
forms in the point q. 

Fix an A'^-horizontal vector w € Tp{P^). The vector 

will be horizontal with respect to the same connection regarded as a connection 
on Q. 

On the other hand, 

k^w) = [P«(p)]*(w) + q K.{p)-'^dK.{w) e Tg(P«) . 
Since J{w) belongs to Tp{P'^) too, one has 

k^{Jw) = [R^(p)\^{Jw) + q K{p)-'^dK{Jw) G r,(P*') , 

hence 

[RnipMJw) = -q K{p)-^dK{Jw) mod Tg(P^) 

and 

{Oa" - 0Ao){k»{w)) = 0A''{[Rk(p)]*{w) + q K{p)~^dK{w)) - k{p)~'^ dK{w) . 
But 

vertA»([P„(p)]»(w) +q K{py^dK{w)) = 
= -J Wt^(ps)^{{[Ri^(p)\*{Jw) + Jq K.{p)~^dHi{w)) = 
= — J \)Vrp^f^ps^±{—q K{p)~^dK{Jw) + Jq K{p)^^dK{w)) = 

= qi — Jg Pl"j±(— K{p)~^dK{Jw) + jQ{K,{p)~^dK{w))} 

Therefore, since Oa^ — Oao is a tensorial form of type ad and [Rk{p)]*{w) — 
is a vertical vector, one gets 

ad«(p)-i(^'A« - dAo){w) = {9a- - 9Ao)i[Rftip)]*{w)) = {Oa- - OAo){k*iw)) = 
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= —i prji [— K{p)~^dK{Jw) + i{K{p)~^ dK{w)\ — K,{p)~^ dK{w) = 
= —i pr^f \i{iK(p)~'^ dnlyJ w) + /t(p)~^(iK(w))] — K{p)^^dK{w) = 
= —i prjf [2iK{p)~^dK{w)] — K{p)^^dK{w) = 
= —i pr^{ [2iK{p)~^dK{w)] — K{p)~^dK{w) = 
= —i [iK{p)~^dK{'w) — idK{'w)K{p)~^^ — K{p)~^dK{w) = 

= —dK{w)K{p)~^ — K{p)~^dK{w) , 

so that 

{Oa" - 6ao){w) = ad„(p)[-9K(«;)K;(p)~^ - /t(p)~^9K;(u;)] = 
[— k(p)9k;(w)k(p)~^ — dK{w)K{p)~^] . 

But 

■ 

Corollary 6.3 For the curvature of := A^-^^p^^ j one gets the formula 

Fas = Fao +d{h-^doh) , 

where d stands for the Dolheault operator associated with the fixed holomorphic 
structure J on Q. 

Sometimes it is more convenient to work with connections on the fixed K- 
principal bundle Therefore, we will also consider the connection 

A, := [e-^]*(A') eAiP") . 

Proposition 6.4 The connection form and the curvature form of the connec- 
tion As are given by the formulae 

As-A° = k-^Bok - {dok)k-^ = r^(9oO - (9oO^"^ > 

Fa, = &di{FAs) = &di{FAO + d{h-^doh)) , 

where k := e"* and I := k~^ = Vh. 

Proof: 

As-A° = k-\dAsk) + h-^doh = 
k-'^{dok) + k-'^[-k{dok)k-^ - {dok)k-^ ,k\ - k{dok)k-^ - {dok)k-^ = 

= k-'^{dok)-{dok)k-'^-k-Hdak)+k{dok)k-'^+{dok)k-'^-k{dQk)k-'^-(dok)k-'^ 
= k-'^{dok) + k-^{dok) - {dok)k-^ - k'^idok) = k'^dok - {dok)k-^ . 
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6.2 The orbits of the adjoint action. Sections in the ad- 
joint bundle 

Let K he a compact Lie group and T d K a fixed maximal torus. 

We need first to understand the structure of the quotient t/K, where K acts 
on its Lie algebra 6 via the adjoint representation. 

First of all note that any element 9? e t is conjugate to an element in t. 

Moreover, if two elements <pi, (^2 € f arc conjugate, i. c. adj.((/5i) = (p2 for some 
k £ K, then adfc(r) and T are both maximal tori of K which are contained 
in the connected centralizer Zk{ip2)- Therefore, these tori are conjugate in 
Zk{'P2), hence there exists u E Zk{^2) such that ad„(adfc(T)) = T. This shows 
that K, := uk belongs to the normalizer Nk{T) of T in K, hence ad«;(</5i) = 
ad„((^2) = ^2, so that tpi, (fi2 are congruent modulo Nk{T). Concluding, we 
get an identification 

B/ _ t/ _ 1/ 

/K - /Nk{T) - /Wk{T) ■ 

When K is connected the quotient ^lYi'lT) ^''^^^ it^f-ntified with any closed 
Weyl chamber C C t. Indeed, it suffices to note that two distinct elements on 
the boundary of C cannot be congruent modulo Wk{T). 

To prove this, let a;, y G C\C he two points which are congruent modulo 
Wk{T). Let w e WxiT) such that w{x) = y. Then y € Cnw{C). Let c be 
the common face of C and w{C) of minimal dimension which contains y. 

Since the chambers C and w{C) have a common face c, one can find a sequence 
of chambers (Cj)i<i<fe such that Ci = C, Ck = w{C) and Cj, Cj+i have a 
common codimension 1 face which contains c. It follows that Ci is mapped 
to Cj+i by the reflexion with respect to the hyperplane Hi generated by this 
common codimension 1 face. Therefore C is mapped to w{C) by a composition 
of reflexions with respect to hyperplanes which contain c. Since the operation 
of the Weyl group is free transitive on the set of chambers, it follows that w 
coincides with this composition, hence it leaves y fixed. 

Therefore, 

Remark 6.5 Suppose that K is connected, and let C G i be a closed Weyl 
chamber. The natural map 

is a homeomorphism. 

Let K he a, connected compact Lie group and P a principal X-bundle over 
an arbitrary manifold B. We fix a closed Weyl chamber C C t. C decomposes 
as a disjoint union of convex sets, the open faces of C. Each open face is the 
interior of a face of C (in the linear subspace generated by this face). 
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Lemma 6.6 Let <p S r(X, ad(P)) he a section regarded as a K-equivariant map 
P — > t. Suppose that the map 

B-^ t/K ^ C 

takes values in a fixed open face c of C . 
Then: 



1. The space ^{c)/T c P/T is a locally trivial fibre bundle with standard 
fibre Zk{c)/T over B. 

2. Let A be any connection on P. The map B t/ K is locally constant if 
and only if the projection of dA,x{'p) on Zi^{ipx) C tx '■= Px Xad6 vanishes 
for every x G B. 



Proof: 1. Note first that centralizer Zuij) of any element 7 G c is the same, 
hence Zk{j) = Zk{c) for every 760. Indeed, since K is connected, any 
centraHzcr of the form Zk{u) with u G t is connected, so it suffices to look at 
the Lie algebras of these centralizers. But the Lie algebra Zh{u) has the following 
simple description in terms of the root set R C HomK(t, iR): 



Zk{u) = 



e 



aeR, a(u)=0 

Therefore it suffices to note that the map 

7 {a e i?| 01(7) =0} CR 

is constant on the open face c. 
The map 

^/Zk{c) X c ^ « , ([fc],7) ^ adfe(7) 
is an embedding, so its image adxic) is a submanifold of 6. 
The restriction of the map 

ip : P ad/f (c) 

to any fibre P^ is obviously a submersion, hence ip is also a submersion. The 
manifold <^~^(c) is obviously a principal ZK{c)-hundle over B. Therefore, the 
quotient ip~^{c)/T is just the associated bundle with fibre Zk{c)/T. 

2. Let s e adi<-(c). The Lie algebra I decomposes as 

l = zi{s)®[l, s] 



(82) 
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whereas the tangent space at s of the submanifold adx(c) C t decomposes as 
T,(adif(c)) = %s] © [zi{s)nT,{a.dK{c))] = T,(adfc(s)) © [^{(s) n T,(ad/f (c))] . 

Therefore, a map cr : [/ c on a manifold U defines a locally constant map 
[a] : U ^ t/K if and only if pY^^^^^^{dx<j) — for all x € U. 

In our case, we deduce that the map P ^ i/K defined by (p : P ^ t is locally 
constant if and only if pT^^(^^^^{dpip) — for all p G P. But, for a vertical 
tangent vector v G Tp{P) one obviously has dp(p{v) G [6, <^x], so the condition 
P^zt{ipp){dpV) = is in fact equivalent with the condition pr_j,^ f^^_^-^{dA,x'f) = 0. 



Lemma 6.7 Let K be a maximal compact subgroup of the reductive group G. 
The natural map 

''/k - V/g 

is injective. 

Here we denoted by ^//q the GIT quotient of q with respect to the adjoint 
action of G. In other words, 

0//g = Spec{C[fl]«} . 
Proof: The moment map for the ii'-action on g is 

where (•)* is the conjugation with respect to the real structure g = [it] C. 
It suffices to note that 6 is contained in m~^(0). ■ 

Corollary 6.8 Let li, . . . , tk G C[g] be homogeneous generators of the invariant 
algebra C[g]'~^ . Then two elements u, v G H are in the same K -orbit if and only 
if Li{u) = ii{v) for 1 < i < k. 

In particular, a section a in the adjoint bundle Px^^it of a principal K -bundle 

is constant ( respectively constant almost everywhere ) if and only if the complex 
valued functions ii{a) are constant (respectively constant almost everywhere) for 
l<i<k. 

The second statement in Lemma 6.6 holds for general possibly non-connected 
compact Lie groups. The converse statement is also true. More precisely, one 
has 
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Proposition 6.9 Let K he a compact Lie group, P a principal K-hundle, A a 
connection on P and G T{X, ad(P)) regarded as a K-equivariant map P — > 6. 

The map B l/K defined by is locally constant if and only if the projec- 
tion \)v ^^^f^^^^{dA,xV>) vanishes for every x G B. 

Proof: 

We suppose that the base B is connected. 

1. The implication: 

[(fi] is constant ^ [pi:^^^(^^^^{dA,x^) = Va; e B] . 

In the case when K is connected, one just takes the open chamber c which 
contains the conjugacy class of [</?] and appUes Lemma 6.6. 

The general case can be reduced to the connected case by taking a finite cov- 
ering of the base B on which P admits a Xe-reduction Pe C P. It suffices to 
note that, in general, a continuous map U — > t/Ke on a connected manifold U 
is constant if and only if the induced map U — > t/K is constant. 

2. The implication: 

[pr2^^(^^)(dA,x</?) = Vx e -B] [if] is constant . 

Let ji : fl''* — > C be the adc-invariant symmetric multilinear map which 
corresponds to ti (see Corollary 6.8). 

One has 

d\ji{ip, ...,ip)]= diji{dAip, if,...,^) . 

On the other hand, taking into account that ji is adg-invariant, it follows 
easily that, for any v £ g, the linear functional ji{-,v,. . . , v) vanishes on [v, t]. 
The point is that, for v G t, one has an orthogonal decomposition 

«= [v,t]®Zi{v) . 

Therefore, one gets 
Ajii^p, ...,ip)]= dijiidAV, V,---,V)= t^iii(prz,(„)(rfA(<p)), </9, ...,</?)= . 
The claim follows now from Corollary 6.8. ■ 

In section 1.2 we have used the following technical result: 
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Proposition 6.10 Let K be a maximal compact subgroup of a complex reduc- 
tive group G and s,s G it. Using the decomposition (82), write 

s = \ +[k,s\ , 

with A G izi{s) , k G Zf_{s)-^ . Then 

1. 

[dg exp)(s)e~* = A + (A; — ade^ A;) . 

2. 

(i,fte{(4exp)(s)e^^}) > pf . 

3. 

([pE {(4cxp)(s)e"''} ,s] ,p,t {(4exp)(s)e~"}) <0 
with equality if and only if s G izi{s). 

Proof: 

Put 

s = A + [A;, s] = A + ^(ade*fe(s)) , A e izi{s) , k G zt{s)'^ . 

One has 

{ds exp)(s) = {ds exp)(A) + {d^ exp){[k, s]) = Xe^ + -^|t=o Ad^tfe = 

at 

[X+ {k- adesk)]e^ , 

so 

a := {dg exp)(s)e~* = A + (fc — ade^fc) . 
Let Rg denote the set of eigenvalues of the endomorphism [s, •] on fl. Decompose 

k = y ^ kp , kp G Qp , 

peRs\{0} 

with kp = —k-p (since k G t). Then 

[s,k] = ^ p kp , ade^A = ^ e^kp , 
peRs\{0} peRs\{0} 

s = X- pkp , a = X+ (1- e'')kp . (83) 

peRs\{0} peRs\{0} 
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We get 

Pit{adesk) = ^{adesk + adgsfc) = ^ ^ {e^ - e~'')kp , 

Pt{adesk) = ^(adesA; - ade^fc) = ^ ^ (e^ + e~P)kp , 

peRs\{0} 

Pt(fc-adeafc) = ^ Yl {'^-e''-e-P)kp , 
peRs\{0} 

\Pt{^),s] = l Yl P{e'' + e-'>-2)kp = \ Y pe-'ie'-lfkp 

peRs\{0} peRs\{0} 

Therefore, 



2 

pefla\{0} 



{s,Pit{a)) = \\\r + \ Yl P{e'-e-n\\kpf> 
peRs\{0} 

>\\xf+ Y p'\\kpf = M\ 

peRs\{o} 

because the inequahty |e^ — e~^| > 2|a;| holds on R. 
For the third inequahty we compute 

{[pt{(T),s],Pit{a)) = 



= - E \p{e'-e~'')e''{e'-inkX<0. 
peRs\{0} 

Equality occurs s if and only if J2p P kp = 0. 



6.3 Local mcLximal torus reductions of a iC-bundle 

We quote from [LT] the following Lemma (see [LT] , section 7.4) 
Lemma 6.11 Let X be a manifold, and 

X = Gr D Gr—l D . . . D Gi 
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a filtration by closed subsets. Define Fk := Gk \ Gk-i , A: = 2, . . . , r . The 

r 

is open and dense in X. 



fe=2 



Proposition 6.12 For any f S T{B,ad{P)) there is an open dense subset 
W C X such that for every x € W there exists an open face Cx C C, an 
open neighborhood Ux of x in B and a T -reduction Tlx C P| Ux of the restriction 
P\ua, such that f\ux is defined by a smooth map 



A e C'^{Ux,Cx) C C°°(f/x,t) = T{UxM{^x)) . 



Proof: 



Regard / as a if-equivariant map P — > I, and let [f] : B ^ t/K = C be the 
induced fi/JT- valued map on B. Consider the skeleton filtration 

(7 = CdDCd_iD...CiD...DCo 

of C, where Cj is the union of all open faces of dimension less or equal i. We 
get a filtration by closed sets 



B = BdD -Bd-i D . . 
of B, where Si- [f]-^^). 
Consider now the locally closed subsets 



Fi := Bi \ Bi_^ = [f]-\Ci \ = [/]- 



Bi D . . . D Bo 



n 



cCC open face 
dim(c)=i 



By Lemma 6.11, it follows that W := IJFi is dense in B. For any x G W 
let ix S {0, . . . , d} such that x G Fi^ and let Ux be an arbitrary contractible 
open neighborhood of x in Fi^. Since Ux is connected, [f]{Ux) is contained 
in a single open face Cx of C. Moreover, the fibre bundle /T over 

the contractible manifold Ux is trivial, hence one can find a section ax in this 
bundle. Regarding ax as a section in [P|c/^] /T, we get a T-reduction of P\ux 
on which / is given by a smooth c^-valued function. ■ 



Remark 6.13 Proposition 6.12 is also true for non-connected Lie groups K. 
The proof reduces to the connected case using a finite cover of B, on which P 
can be reduced to the connected component Kf. c K. 
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6.4 Decomposing a connection with respect to a maximal 
torus reduction. Applications 



Let P be a principal K-bundle over a manifold B and let i : 11 P be a 
T-reduction of P. Consider the root set R C Hom(t, iR) and the root decom- 
position 

Since this decomposition is T-invariant, and we have fixed a T-reduction of 
P, one gets a decomposition of the complexified adjoint bundle ad'^(P): 



ad^(P) = 0nXad0^. 
peR 



(85) 



Denote by t""" the natural complement of the Lie algebra t in 6, i. e. 



m 

p^O 



Let ^ be a connection on P, and wa S (P, 6) its connection form. Let An 
be the induced connection on 11, and i*{Au) the push- forward connection to P. 
Write 

where a G A^{U Xad t""") is the second fundamental form of the subbundle n 
with respect to the connection A. 

Suppose now that the basis S is a complex manifold. Then one can write 
a = + aP^ , where each term decomposes as 

aio=^aio, a;,OeAiO(nx,d0p), aOi=5^aO\ aoie^oi(nxad0p). 

p^O p^O 

With respect to the usual real structure g = [it]^ of g, one has 

< = -a%. 

Let ip G A''(ad(P)) be a smooth section. Suppose now that, with respect to 
the reduction 11, the section <p is induced by a smooth map A e C°°{B, c) where 
c is a fixed open face of the Weyl chamber C . Wc know, by Proposition 6.12, 
that locally we can always come to this situation. 
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Via the decomposition (85), and taking into account that [a, A] = — [A, a], we 
have the following formulae for 9a<^, Oa'^'- 

Oa^ = dX-J2 pW< ,dAV^d\-Y^ p(A)aOi = ^A + ^ p(A)^ . (86) 

We will also need a formula for e^^9^(e''), where s G A^{i&d{P)). Regard 
s (and e") as an ad-equivariant (respectively Ad-equi variant) g-valucd (respec- 
tively G- valued) fimction on P. Let he x & X, p and v € Tx{X) and 
w G Tp{)l) the An - horizontal lift of v. 

The A-horizontal component of w is 



w 



w - [coa{w)]* = w- a{w)* . 



One has 



d(e^)(H-^|t=o (e«(P-P(M-))) 
d 



-s(p) 



d{e'){w) -^\l=0 (e^d(exp(taW)) 'sip) 

d{enM - ^|t=o (Ad(exp(ta(w;)))-i(e^(f))) 

d{e'^){'w) — [— a(w) 
Denote now by A the restriction A := s|n- We get 

e-'^P^d{e'){w^) = dX{w) + ^{e-P^^^ - l)ap{w) , 



hence 



and similarly 



e-'dA{e') =dX + ^(e-''^^) - l)a^ , 
dA{e')e-' =dX + ^(1 - eP'^^^)ap . 

pjiO 



In section 4.4.1 we need the following important technical results. 



(87) 



(88) 
(89) 



Let be a Hermitian space and / : R — > M a real function. Using the spectral 
decomposition of Hermitian matrices, one can extend / to a map (denoted by 
the same symbol to save on notations) Herm(£) Herm(A) by putting 
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for every orthogonal direct sum decomposition of E. 
It is known (see for instance [Bh]) that 



Proposition 6.14 The extension Herm(iJ) — > Herm(iJ) of a continuous func- 
tion / : M ^ R is continuous. 

In general, this extension inherits the regularity properties of /. 



Remark 6.15 1. If \f \ < \g\ then 

\\f{h){v)\\ < \\g{h){v)\\ yv GE,yhG Herm(£) . 

2. More generally, if on a subset A cR we have \ f\A\ < \9\a\, then 

\\f{h){v)\\ < \\g{h){v)\\ \fv eE,yhe Herm(£;) with Spec(/i) C A . 

Indeed, writing h = J2i ^iP^F above, one gets 



\\fmv)\\ = ./E/(^^)'iip^^'.(^)ii' ^ jE5(^^)'iiprF.(«)ip = \\gmv)\\ . 



Proposition 6.16 Let Q be a holomorphic principal K'^-bundle on a complex 
manifold X, P c Q a K -reduction, denote by A° the corresponding Chern 
connection, and let do = d + do be the associated covariant derivative. Let 
s e A°{P ifi)- Then one has 



Proof: Let T be a maximal torus of K and R C Hom(it, M) be the root set. 

By Proposition 6.12 it suffices to check the formula in the case when P has a 
T-reduction 11 C F and s is given by a smooth function X : X ^ H. By formulae 
(86) and (88) one has 



dos = dX- PWal\ e-'do{e') = dX+ ^ {e-"^^^ ~ l)af . (91) 




Denote by : ffi. ^ M>o the real analytic function defined by 




{zAgd{e-^do{en)),s) = -P{\sn + Ms,-mdo{s))\' . 



(90) 



peR\{0} 



peR\{0} 
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Therefore, using the Hermitian inner product: 

{iAgd{e-'do{e'))), s) = iAgB (e"^ o 5o(e^), s) + iAg{e-' o do{e'),dos) = 

= iAgd {dX, A) + iAg{dX, dX) - PWi^^'"^^^ - l)«Ag(aJ°, af) = 

pefl\{o} 

(P(A),A)- pWie-'^'^-l)i^,K,al°). (92) 

peR\{o} 

On the other hand, 

P{\sf) = iA,dd{\Xf) = 2 (P(A), A) - |5Ap) < 2(P(A), A) . (93) 

Now it suffices to note that 

\dX\' - Y PWi^~'^'^ - l)iA,(aJ0,a^0) = \v{[s,-mdo{s))f • 
peR\{0} 



6.5 Analytic results 

Lemma 6.17 Let E, F he vector bundles with inner products on a measurable 
space X with finite measure. Let {un)n be a sequence of -sections on E weakly 
convergent in L"^ to a section u, and let {vn)n be a sequence of L'^ -sections on 
F strongly convergent in to a section v. Suppose that u„ converges almost 
everywhere to v and that {\vn\)n is uniformly bounded by a positive constant M . 
Then it holds: 

1. For every L^-section %j) in {E ® FY , the sequence {vn^)n of sections in 
E'^ converges strongly in to vip. 

2. The sequence {un Vn)n converges weakly in to (u^v). 

Proof: 1. This follows from the Lebesgue dominated convergence theorem, 
since the sequence of non-negative functions {\vnip — vtp\'^)n converges almost 
everywhere to and is bounded almost everywhere by the integrable function 
4M2[V;|2. 

2. We have: 

{un Vn, V')i,2 - {uigiv, V')z,2 = (u„, i;„V)l2 " {u, vij;) ^2 = 

= {Un, Vnt/J - Vtl))L2 + (u„ - U, VIp) . 
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The second term converges to since, by hypothesis, Un ^ u weakly. The first 
term tends to because 

|(u„,w„V - < ||m„||l2||u„?/; - wV'||l2 , 

{un)n is bounded'* in and \\vn'4' ~ viI^Wl^ ^ by 1. ■ 



Lemma 6.18 Let D"' C ffi."' he the standard Ui- dimensional disk, i = 1, 2, 
and let if> e x D"^), 1 < p < oo. Then for almost all y e the 

following holds: 

1- <p|d"ix{!/} belongs to L^{D'^'^), Oxflo" IX {y} belongs to LP {D'^^). 

2. rf(^b"ixM) = (a.^)b'-ixM tnLPiD^^). 

Proof: By Fubini's theorem (p\D"ix{y} ^nd rf<p|£)"i x{j/} belong to for 
almost all y £ I?"^. In particular, dxip\D"ix{y} belongs to LP{D"-^) for almost 
all yGD"-\ too. 

Let ipn be a sequence of smooth functions converging to in the L^ - topology 
as n — > 00. Therefore 

J \ipn-<pf^0, J \dipn - dip\P ^ . 
£)"ix£>"2 £)"ix£>"2 

In particular, 



J Idxfn - dxip\^ . 



D"i x_D"2 

By Fubini's theorem, it follows that the positive functions 

2/1-^ j \>fin-Vf,y>-^ j \dxVn - dx^p\^ 
D"ix{v} D^ix{v} 

converge to with respect to the L^ - norm, so (taking a subsequence if nec- 
essary) one can assume that they converge to almost everywhere on D"^. 
Therefore, for almost every y e D'"^'^ , one has 

^n\D^ix{v}-^ ^\D'^ix{y} > {dx^n)\D'^i x{v} {dx^)\D^i x{y} ■ 

But, since the are smooth, one has 

{dxV>n)\D"ix{y} = dx[(Pn\D"i x{y}] ■ 



*Any wecikly convergent sequence in a Hilbert space is bounded. 
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One the other hand, 

dx[Vn\D"ix{y}] — ' c^a: b| D"i X {3/}] as distribution 
(because the distribution hmit of ^n\D^ix{y} is '■P\D^ix{y})- Therefore, 

<Pn|£)"ix{i/} ^^Ib"! x{2/} ) dx[fn\D^^x{y}\-^ 5x[<^|r>"i x{j/}] = 
= (9x<^)|£)»ix{j/} > 

which shows that 1. and 2. hold for such y. ■ 



6.6 Meromorphic parabolic reductions defined by weakly 
holomorphic L\ - sections 

Let M bo a complex manifold. We begin with the following definition: 

Definition 6.19 A measurable map F : M is called "holomorphic on 

almost all lines" if 

1. n= 1, F coincides almost everywhere with a holomorphic map B ^ M. 

2. n > 1, and for any holomorphic parameterization D x A U C i?" 
with C C, A C C"~^ the restriction F o <f{-,Q : D ^ M is weakly 
holomorphic in the sense of 1., for almost all G A. 

We recall the following fundamental results (see Shiffman [Shi], Uhlenbeck- 
Yau [UYl], [UY2]): 

Theorem 6.20 Any measurable map F : 5" M from the ball C C" into 
a projective algebraic manifold M, which is holomorphic on almost all lines, 
coincides almost everywhere with a meromorphic map. 

Theorem 6.20 is used combined with an important regularity result (see Uhlenbeck- 
Yau [UYl], [UY2]) which applies to the case n = 1. 

In order to state this result we need a brief preparation: 

Let y be a compact manifold (possibly with boundary) and N a closed sub- 
manifold of R™. We put 

Ll{Y, N) := G L\{Y, Lp{y) e N for almost every y eY} , 

and we endow this set with the topology induced from L\{Y,W^). The space 
L\{Y, N) obviously depends on the embedding Y ^ R™. When y is a surface, 
one has the following important density property (see Schoen-Uhlenbeck [SU]). 
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Proposition 6.21 Suppose that Y is a compact surface with possibly empty 
C^-boundary. ThenC°°{Y,N) is dense in Ll{Y,N). 

This result has the foUowing subtle consequence: 

Corollciry 6.22 Suppose that Y is a compact surface with possibly empty C^- 
boundary and let e Ll{Y,M). Then dip{Ty{Y)) c T^(y){M) for almost all 

y&Y. 

Proof: By the density property Proposition 6.21, one can find a sequence 
^Pj e C°°iY, N) which converges in the L\{Y,W^) - topology to ip. There exists 
a subsequence {(pj,Jk ^uch that (pj^ — > (p and dipj,^ dip almost everywhere as 
A; ^ DO. It suffices to note that T{N) is closed in Ai' x R"*. ■ 

Now let N c be a compact complex manifold embedded as a real subman- 

ifold in R™, and let J^v be the corresponding almost complex structure. The 
inclusion Tx {N) ^ R™ of the tangent space x E Y induces an embedding 

T^°{N) ® T°^{N) = T^{N) ^ . 

Therefore, one gets a filtration 

C T'^°{N) c T^(iV) CN xC"" 

of the trivial complex rank m bundle over N. 

Let p : N X C™ — > T^^{N) be any bundle projection which induces the stan- 
dard projection 

TC(7V) T'"iN) ,v^^{v- iJNiv)) 

on T^{N). 

Remark 6.23 In the special case when the induced Riemannian metric on the 

submanifold N C R™ is Hermitian, one can just take the orthogonal projection 
with respect to the standard Hermitian structure on N x C™ because, in this 
case, the direct sum T^^{N) ® T^^{N) will be orthogonal with respect to this 
standard Hermitian structure. 

We can now state 

Theorem 6.24 [UYl], [UY2] Let B c C be the standard ball and let N be a 
compact Kdhler manifold embedded as a real submanifold in R^ . Let f : B ^ N 
be a map with the following properties: 
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1. feLl{B,N). 

2. f is weakly holomorphic, i. e. one of the following two equivalent condi- 
tions holds: 

(a) For almost allb G B the tangent map Tb{B) Tf(^i,){N) is C-linear. 

(b) For almost all b ^ B it holds Pf(b) ° (dbf ) = 0, where Bf stands for 
the d-denvative T°^{B) ^ of f : B ^ . 

Then f coincides almost everywhere with a holomorphic map. 

Combining Theorem 6.20 with the regularity Theorem 6.24, one gets the fol- 
lowing important 

Theorem 6.25 Let M C K'" be a complex projective algebraic manifold em- 
bedded as a real submanifold o/R™, and let p : M x C™ T^'^{M) be a bundle 
projection which agrees with the standard projection T^{M) — > T^^{M) on the 
subbundle T^{M) C M x C™. Then any map f e Ll{B",M) satisfying the 
equation 

podf = 

almost everywhere on -B", coincides almost everywhere with a meromorphic 
map. 

Proof: This follows easily from the Theorem 6.20, the regularity Theorem 6.24 
and Lemma 6.18. ■ 



Let be a maximal compact subgroup of the reductive group G. We will 
apply these results to an algebraic manifold of the form 

^ = %iso) ' 

where G(so) is the parabolic subgroup defined by an element so S it. We will 
need the following simple result. 

Proposition 6.26 i) The map 

adif(so)= /zk{so)^ /g{so) 

is a diffeom,orphism. 

a) Endow ii with an ad-K -invariant inner product and consider the embedding 
M = adxiso) ^ it of the projective algebraic manifold M in the Euclidean 
space it defined by the identification M = adif(so) in i). Then 
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1. For any s G ad/f (sq) = M , the images of the morphisms 

T}°{M) (it) (g) C = 0, T°\M) {it) (g) C = fi 
induced by this embedding are gf, where 

Qt := 0Eig([s,.],A). 

±A>0 

2. The induced Riemannian metric on M is Kdhler and homogeneous. 
Proof: i) We just have to prove that the natural map 

/Zk{so) ~^ /G{so) 

is bijectivc. For surjcctivity, let g G G. Wc can decompose g as g = ku, 
where u G exp(rt). Let B C G(so) fl Gg be a Borel subgroup contained in 
the parabolic subgroup G(so) fl Gg of the connected reductive group Gg (the 
connected component of e in G). Since exp(iB) G Gg, one can further decompose 
u = lb, where / G Kg and 6 G 5, so one gets g = {kl)b, which shows that g = kl 
mod G(so)- 

For injectivity, it suffices to show that 

KnG{so) = ZK{so) . (94) 

The inclusion Zxiso) d K D G(so) is obvious. The opposite inclusion follows 
by choosing an embedding G ^ GL{n,C) which maps K into U{n). Let $ 
be the filtration of C" defined by the eigenspaces of the Hermitian matrix sq- 
More precisely, the fc-term of this filtration is the direct sum of the eigenspaces 
corresponding to the first k eigenvalues of sq. It is well known that the parabolic 
subgroup Gi(n,C)(so) C GL{n,C) is just the stabilizer of the filtration $. On 
the other hand, one has G(so) = G n GL{n, C){so). Let g € K D G(so). The 
matrix defined by g is unitary and leaves invariant the filtration so it leaves 
invariant all the eigenspaces of so in C". Therefore g commutes with so- 

ii) 

1. Let s = adfe(so) G adi<-(so)- The tangent space Ts{adK{so)) is just the sub- 
space ad/j,([t. So]) = [6j ^ The point which corresponds to s via our iden- 
tification adif(so) = G/G{sq) is the congruence class c := kG{so) G G/G{sq). 
The tangent space of G/G{sq) at c is 

T.(G/G(so)) = (^'=)*(fl)/(i^)^(^(,^)). 

Now note that fl+ is a complement of 0(so) in fl, so one gets a natural isomer- 
phism Te(G/G(so)) = (ifc)*(fl+ ) = {RkUot)- 
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The isomorphism Ts^adxiso)) — Tc{G/G{sq)) induced by our identification is 
given by 

where the first arrow is just the restriction ps : [t, s] — ^ gf of the projection 
ii^ gf. The complex structure on the tangent space [t, s] is the pull-back of the 
natural complex structure of 0+ via Ps- Therefore, the subspaces T^'^^adxiso)), 
T°^(adi<:(so)) of the complexified tangent space r^(adif(so)) = [g, s] = Qf ® 0J 
are just B+, fl^. 

2. It is easy to see that the Riemannian metric induced by the embedding 
adxiso) is Hermitian and homogeneous, i. c. invariant under the natural K- 
action. The fact that the corresponding Kahler metric u) is closed follows from 
the identity 

Lxio = d ixu) + ixdtjo 

applied to the fundamental vector fields associated with the transitive ii'-action 
on adK(so). 



Applying Theorem 6.25, we get 

Proposition 6.27 Let e L\[B^,it) such that ip{x) G adif(so) for almost 
every x G B". Suppose that 

+ {dx(p) = 

for almost every x G B" . Then cp coincides almost everywhere with a meromor- 
phic map B^ — > M = adR:(so). 

More generally, let Q he a holomorphic G-bundle on a complex manifold X, 

let P C Q be a K -reduction, and let a G Ll{P Xad it) he an L\ section which 
defines an almost everywhere constant map [a] : X ^ ii/K such that 

pr^+ (4a) =0 (95) 

<t(x) 

for almost every x € X . Fix a representative ctq in the conjugacy class defined 
by a. Then a defines a meromorphic reduction of Q to G{ao). 

In the regular case, the holomorphic map B" G/G{sq) associated with a 
smooth map (p : B" ad^f (sq) satisfying the holomorphy condition 

pr^+ (da^a) = Vx G 

o-(x) 

is given explicitly by the formulae 

X the class mod G(so) of an element k G K with adfe(so) = ^{x) , 
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{g &G\ adg~i{(p{x)) e fl(so)} 



Similarly, the G(so)-reduction defined by a regular section a & A°{P Xg^ 
satisfying our weak holomorphy condition is 

Q(a) = {q€Q\ a{q) G 0(^0)} . 

The converse of Proposition 6.27 is also true; more precisely 

Proposition 6.28 Let p C Q/G(cro) be a meromorphic G{ao) -reduction of a 
holomorphic principal G-bundle Q on a compact complex manifold X, and let 
P C Q be any K-reduction. 

Then the section o associated with ctq via the K (1 G{ao) — Zk{(^o) -reduction 
P (1 of P\xp defines an element in L\{P Xad i^) which satisfies the weak 
holomorphy condition (95) and whose associated meromorphic G{ao) -reduction 
is p. 

Proof: The crucial point here is the fact that a & Ll{P x^d Let A be the 
Chern connection of P. We make use of the formula (22) which was obtained 
in the proof of Theorem 3.3. 

{^AgFA,a))volg = —-—deg{p,h{0)- E ^ II «A • (96) 

X, ^ )■ AeSpec+K,.] 

On the other hand, by formula (61), one has on Xp 

do{<r\x,)= J2 K,(^k)] = - E (97) 

AGSpec+[(To,-] AeSpec+[tTo,-] 

Comparing these formulae, one gets immediately 

\\do{a\x,) ||l2<oo . 

On the other hand, one can easily check that the form dQ{a\xp)), regarded as an 
- form on the whole manifold X, is in fact the distribution do - derivative of 
the L°° - section a. The proof uses the same argument as for the analogous result 
for orthogonal projections on subsheaves of Hermitian holomorphic bundles. ■ 
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